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Abstract 

Let K he a real quadratic field and let p be a prime number which is inert in K. 
Let Kp be the completion of K at p. In a previous paper, we constructed a p-adic 
invariant uc G , and we proved a p-adic Kronecker limit formula relating uc to 
the first derivative at s = of a certain p-adic zeta function. By analogy with the p- 
adic Gross-Stark conjectures, we conjectured that uq is a p-unit in a suitable narrow 
ray class field of K. Recently, Dasgupta has proposed an exact p-adic formula for 
the Gross-Stark units of an arbitrary totally real number field. In our special setting, 
i.e., where one deals with a real quadratic number field, his construction produces a 
p-adic invariant ud ^ Kp . In this paper we show precise relationships between the 
p-adic invariants uc and uu- In order to do so, we extend Dasgupta's construction 
oi ud to a broader setting. 
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1 Introduction 



Let K he a. real quadratic number field of discriminant dx- Let p be a prime number which 
is inert in K and denote by Kp the completion of K at p. Let Hp = P^(Cp)\P^(Qp) be the 
p-adic upper half plane endowed with the structure of a rigid analytic space. Note that 
TipCiK = K\Q since p was assumed to be inert in K. We denote the maximal order of K by 
Ok = Z+wZ where u = '^^^^^^ and its unique order of conductor > 1 by On = Z+nwZ. 
For T enpHK we let = Z + rZ and Or = End/f (A^) = {X e K : XAr C A^}. Let 
be a positive square-free integer coprime to dx- The square- free condition holds only 
for the introduction since its simplifies the presentation. Now make the following crucial 
assumption: there exists an ideal OT such that Ok/^ — Z/A^Z. The last condition is 
equivalent to saying that A^ = 111=1 ^« where each /j is a prime number which splits in 
K, the /j's being distinct. The latter assumption is often called the Heegner hypothesis by 
analogy with the construction of Heegner points on modular elliptic curves (see for example 
Chap. 3 of [Dar04j ). Now choose a positive integer n which is coprime to pNdx- Let a{z) 
be a modular unit for the congruence group ro(A^) which has no zeros nor poles on the set 
ro(A^){oo} where oo corresponds to the cusp ^ (for an example of such modular unit see 
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equation f lR3|) in Appendix |B]) . Let r eUpHK be such that Or = Ont = C„. In |DD06j . 



Darmon and Dasgupta constructed a p-adic invariant UoD^a^r) G /"^p . They conjectured 
that Udd{o:, t) is a global p-unit in K{OnOo), the narrow ring class field of -fT of conductor 
n. From now on we assume that the modular unit a{z) is fixed so we omit it from the 
notation and therefore we write udd{t) instead of mdd(q;, r). 

Conjecturally, the construction mentioned above produces p-units in the ring class fields 
of K. It is then natural to try to extend it to the larger setting of ray class fields of K. This 
was accomplished in the PhD thesis of the author, see |Chaj and [ChaOQdj . Let us explain 
very briefly what kind of units we expect to construct in this more general setting. Let / 
and n be fixed positive integers which are prime to pNdx- Let {l3r{z)}r&/fL be a family of 
modular units associated to a{z) (see Appendix [Bl for more details). By definition, I3r{z) 
has no zeros nor poles on the set ro(/A^){oo} and moreover one has that 

/-I 

(1.1) \{^{z)=a{z). 

r=0 

In [ChaOQdj . we proposed a construction of a p-adic invariant uc{/3r,T) G for certain 
pairs (r, r) G Z//Z x (Tip fl K) such that 0^ = O^r = On (See Section [9] for the definition 
of nc(r, r)). From now on we simply denote uc{/3r,T) by uc{r,T). The elements uc{r,T) 
are conjectured to be global p-units in _R'(f„oo)^'^s="^ where f„ = fOn, pn = pOn, -R'(f„oo) 
is the narrow extended class field of conductor f„ of K, and i^(f„oo)^'^*="^ is the subfield of 
i^'(f„oo) which is fixed by the Frobenius a^^ at pn- (For the precise definition of ^(fnOo) 
see Definition 12. 2p . In the case where n = 1, so that fi = fOx, the abelian extension 
-ft'(fioo) is nothing else than the usual narrow ray class field of K of conductor /. Note 
that K{OnOc) C K{fnOo)^'^^"'^ and that K (fnoo)^'^^"'^ corresponds to the largest subfield of 
K{fnOo) for which pn splits completely. Our construction of uc{r, r) may be viewed as a 
natural generalization of uddIt) in the following sense: 

(1) If/ = lthenMc7(0,r)=M^^(r). 

(2) Moreover, if one sets n = f then 

/-I 

(1.2) Y[uc{r,T) = UDD{r). 

r=0 



Note that (2) is equivalent to (1) in the case where f = n = 1. The identity (11.21) is a 
direct consequence of the identity (11. ip . See Appendix [B] (and also Proposition IB. 2p where 
this is explained in greater details. 

We want to say here a few words about the method that was used to construct the 
p-adic invariants uc and udd- One of the key feature of the method is to use periods of a 
family of Eisenstein series which varies in the weight. If one renormalizes these Eisenstein 
series in order to clear the "transcendental period" (a certain power of 27ri which depends 
on the weight) one obtains rational numbers. One of the breakthrough that appeared 
in |DD06j was to realize that these rational periods can be "packaged" in a certain way 
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in order to construct a partial modular symbol of Z-valued measures on X. Here X = 
(Zp X Zp)\(pZp X pZp) is the set of primitive vectors of Z^. The invariants mdd(t) and 
uci"^, t) are then defined as a certain p-adic integral of such a measure on the space X. 
Many numerical examples which support the algebraicity of udd{t) and uc{r,T) can be 
found in jPasOTj and |Cha09a] . Note that it is desirable to have a theory which allows N 
to be non-square free since in all the numerical examples which appear in the two papers 
above one has = 4. 

On the other hand well known conjectures of Gross and Stark relate special values of 
abelian L-functions to global units. Let F be a totally real number field. In the seventies, 
Stark formulated a series of conjectures relating the special values at s = of Archimedean 
abelian L-functions of F to global units in F""^. Then in the early eighties (see [GroSlj ). 
Gross formulated a p-adic analogue of Stark's conjecture by replacing Archimedean abelian 
L-functions of F by p-adic abelian L-functions of F, and global units in by global 
p-units in F"-^. A few years later, Gross made a refinement of the previous conjecture. This 
refined conjecture will be referred as the "Strong Gross conjecture" (for a precise statement 
see Conjecture II. II below). It turns out that the Strong Gross Conjecture is closely related 
to the Darmon-Dasgupta construction explained above and therefore we would like to recall 
it. In order to do so we need to set up some notation. 

Let f be an integral ideal of F and let M = F(foo) be the narrow ray class field of F of 
conductor f. Let p be a prime of F above p that does not ramify in M. Let 5* be a finite 
set of places of F containing all the infinite places of F, the prime p and the primes which 
ramify in M/F. Now we make following crucial assumption on S: 

Assumption 1.1 The only place of S (Archimedean or non- Archimedean) that splits 
completely in M is p. 

In particular, because of this assumption on S, M has to be a totally imaginary number 
field. For an ideal a of F we denote by cTq G Gal(M/F) the Frobenius at a. For any 
a e Gal(M/F) let 



where R = S\{p}. The first summations (resp. the summation which defines (R{a,s)) is 
taken over all integral ideals of F coprime to 5* (resp. coprime to R). The second equality 
follows from Assumption 11.11 and implies that ords=oCs{'^j = 1. It was proved by Siegel 
and Klingen that the special values at negative integers of (R{a,s) are rational numbers 
(see |Kli62] and |Sie69] ). This key fact is the starting point for the p-adic Gross-Stark 
conjecture. 

In order to state the version of Gross's conjecture which is convenient in our context, 
we need to introduce one more set of places of F in order to "regularize" the special values 
at negative integers of C,r{M/ F, o", s). Let T be a finite set of places of F which is disjoint 
from S. The role played by the set T here is similar to the role played by the integer in 
the Darmon-Dasgupta construction. For each complex number s, consider the group ring 



(1.3) 
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element 



(1.4) Hil- (Nr/.)^"1a,J) = 5^(-lp)N(0)i-^[a,] G C[Gal(M/F)], 

where 01 = Hr^ieT'^j ^^'^ ^(^) = # prime divisors of 0. For cr e Gal(M/F), define tlie 
partial zeta function associated to the sets S and T by the group ring equation 

(1.5) G,t(M/F, a, s) = 5^(-l)^(^)N(3)i-^G(M/F, aa.^i, s). 

o|cn 

In order to force the integrality at s = 0, Gross introduced the following assumption 

Assumption 1.2 The set T contains at least two primes of different residue charac- 
teristic or at least one prime t] (Nt] = I) with absolute ramification of degree at most 
1-2. 

In Appendix |A] the interested reader may find some key properties of special values of 
abelian L-functions at negative integers attached to F which motivate Assumption II. 2[ 

The Strong Gross Conjecture predicts the existence of a special kind of p-units in M 
for which their p-adic valuation can be related to the value (R^T{M/F,a,0) G Z. Define 
the following subgroup of the group of p-units of M: 

Up := {x e M"" : \x\u = 1 for all f p }. 

Here u ranges over all finite and infinite places of M. An element of Up will be called a 
strong p-unit. This terminology is justified for the following two reasons: First of all, an 
element u E Up is necessarily a global p-unit, i.e., u G Ojv/[-]^. But it is more (stronger) 
than just being a p-unit since for all complex embeddings r : M — C one has that \u'^\ = 1, 
i.e., the image of u by any complex embedding lies on the unit circle. There is also a 
linguistic reason behind this terminology: If one translates from English to German the 
word "strong" , then one gets the word "stark" and it is expected that these strong p-units 
are related to the Gross-Stark p-units. 

For any finite abelian extension L of F which contains M and which is unramified 
outside S we let 

recj' : Fp^ ^ ^ Gal(L/F), 

denote the reciprocity map given by local class field theory. From M C Mfp ^ Fp we may 
evaluate rec^ on any element of M^; the image will be contained in Gal(L/M). 

We can now give the precise statement of the strong Gross conjecture (see Conjectures 
7.4 and 7.6 of [Gro88j ). Here the use of the adjective strong emphasizes the fact Conjecture 
II. II below is a strengthening of Conjecture 3.13 of [GroSlj . 

Conjecture 1.1 (Strong Gross Conjecture) Let S and T be two finite sets of places 
of F which satisfy Assumptions \1.1 \ and \l.^ and let R = S\{p}. For every prime ^ of M 
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above p, there exists a unique strong p-unit ut G Up such that ut = I (mod T) and such 
that for all a G Gal(M/ F) one has 

(1.6) CR,T{M/F,a,0) = ord<^iu^T)- 

Moreover, for all finite abelian extension L of F which contains M and which is unramified 
outside S one has 

(1.7) rec^iuT) = J] r^^'^^''/'''""''"^ e Gal(L/M). 

r6Gal(L/F) 
t\h=o-~^ 

We remark that 

CsAL/F, T, 0) = CsAM/F, a~\ 0) = 0, 

r6Gal(L/F) 
t|h=o-~-' 

where the second equahty follows from the presence of the Euler factor in (11.31) . So indeed 
the right hand side of (11.71) lies in Gal(L/M). 

The condition ut G Up together with (11.61) specify the valuation of ut at all places of 
F and therefore determine ut uniquely up to a root of unity in L. Thanks to Assumption 
11.21 on the set T, we see that the additional condition = 1 (mod T) guarantees the 
uniqueness of ut- We call ut the Gross-Stark unit for the data (S', T, M, *p). 

Recently, in [DasOSj . Dasgupta has proposed an exact p-adic formula for the Gross-Stark 
unit Ut which can be viewed as a refinement of the identity (II. 7p (See Appendix lAl where 
this is explained in greater details). One of the key ideas of his approach is to replace the 
special values of partial zeta functions of F by special values of Shintani Zeta functions. In 
order to control the denominator of these special values at s = he makes an additional 
assumption on the set T: 

Assumption 1.3 Assume that no prime of S has the same residue characteristic as 
any prime of T and that no two primes in T have the same residue characteristic. 

Dasgupta considers special values at s = of "Shintani zeta functions" which depend 
on the sets S", T and on a choice of a fundamental domain for the action of Ok{^oo)^ on the 
totally positive quadrant ]R"o- Here Ok{^oo)^ corresponds to the group of totally positive 
units of Ok which are congruent to one modulo f. For every ideal a of F which is coprime 
to S he uses these special values to construct a Z- valued measure /x(P, a) on Op^- He then 
defines a p-adic invariant 

(1.8) M^(a,f)GFp" 

as a certain multiplicative p-adic integral (defined as a limit of Riemann products) on the 
space O := Op^sp^Op^ of the measure //(P, a) against the identity function on O. Here 
e > 1 is the smallest integer such that p*^ = (tt) where tt is a totally positive element of F 
such that TT = 1 (mod f). He then shows that under some technical conditions (which are 
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always satisfied when F is a real quadratic field!) that his p-adic invariant md(ci, f) does not 
depend on the choice of the Shintani domain V and that it only depends on (Tq rather than 
a itself. The previous fact is rather remarkable since the measure a) really depends 
on the Shintani domain and the ideal itself. So the process of integrating the measure 
a) may be viewed as a way of removing the dependence on the fundamental domain 
and relaxing the dependence on o. Let us choose a prime *^ of M above p so that M£)(a, f) 
may be viewed as an element of Mrp ^ F^. Then Dasgupta conjectures that U£)(o, f) is 
equal to the Gross-Stark unit n^" G Mrp for the set of data (5, T, M, *^). We will not say 
more about his construction and we encourage the interested reader to look at [Das08] for 
more details. 

Let us go back to our original setting where F = K = Q{^/dK) is a real quadratic field. 
Let (p, /, A^) be a triple as in the first paragraph of the introduction and let p = pOx and 
f = JOk. Choose a splitting of N, i.e., a factorization of the form NOk = O'TOT'^ where 
is an Ox-ideal. Such a splitting exists because of the Heegner hypothesis. Let 

(i) S = {u : ulf or z/|oo} U {p}, 
(iz) T = {v: z/|at}, 

where v ranges over all places of K. We thus see that the triple (p, /, DT) encodes the 
same data as the triple (p, 5, T). Note that the set S and T satisfy the previous three 
assumptions. Let L = i^(fcxo)^'^*=^ and let a be an integral ideal coprime to S. Let us fix a 
prime ^ of L above p. Then Dasgupta's construction produces a p-adic invariant ^^(a, f) 
which is conjectured to be equal to where ut is the Gross-Stark unit for the set of 
data (S*, T, L, ^). On the other hand, the author's construction provides a p-adic invariant 
uc{r, r) which is also conjectured to be a strong p-unit in L. 

We thus have two p-adic invariants uc and U£, which are conjectured to be strong p- 
units in L. Moreover, in each case, one has a conjectural "analytic" description of how 
Gal(L/i^) acts on uc and ud- In each case, this analytic description will be referred as 
the Shimura reciprocity law. (For the precise definitions of uc and ud and their respective 
Shimura reciprocity law, see Section [9]). The main goal of this paper is to give precise 
relations between the p-adic invariants Uc and uu- Our main theorem is the following: 

Theorem 1.1 The invariant u^^^ (relative to the order Ok) belongs to the group 
generated by theuo's (relative to the order Ok ) where ip corresponds to the Euler function. 
The invariant u]^ (relative to the order Ok ) belongs to the group generated by the uc 's 
(relative to the order Ok )■ Moreover, all the previous relations between the u^'s and uc 's 
are compatible with the Shimura reciprocity laws. 

The meaning of "relative to the order Ok" is important and will be explained below (see 
Definition II. ip . We will give in the text precise formulas that describe all these relations 
(see Theorem 110.11 and Corollary 110. ip . In order to prove Theorem 11.11 it is desirable 
to work in greater generality and extend the definition of Dasgupta's invariant U£,{a,f) 
to invertible O-ideals a where O is allowed to be an arbitrary order of K (not just the 
maximal one) of conductor coprime to and where a is no longer assumed to be coprime 
to f = fO. Let us explain the motivation behind this level of generality since it introduces 
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some technicalities. Let r G K\Q be such that Or = Ont = O where O is a fixed 
ambient order of conductor coprime to A^. Note that we do not assume that that cond((!?) 
is corpime to /. In fact, in our applications it will be important to allow cond((9) to be 
divisible by /. To fix the idea, suppose that cond(O) = tt, so that O = On, {N,n) = 1. 
Let Qr{x,y) = Ax^ + Bxy + Cy^ be the unique primitive quadratic form associated to 
r for which A = > Q and let a = A^A^ be the associated integral invertible (9-ideal. 
We note that N\A and that disc((5r) = B"^ — AAC = n^dx- The Atkin-Lehner involution 
r I— 7- r* = -0- is the key ingredient which allows us to relate the invariant uc to the 
invariant ud (see identity fll.9p below). Now a direct computation shows that 

Qr^ (x, y) = sign(C) (^^CNx' - B^xy + ^^2^ , 

where < d = {A,f). In particular, we have disc((5r*) = (dY ^'^'^k- Thus, ii d ^ 
/, the Atkin Lehner involution changes the conductor of the order in the sense that 
cond((9T-.) = 2^ond(0-r). Moreover, in general, the invertible integral (!?^*-ideal a* := 

Ar*Ar* = C^NAr* is no longer coprime to f = fO^* in the sense that (f, o*) := f* + o* 
Or*. This explains in part the need of a theory which deals with arbitrary orders (not just 
the maximal one) and arbitrary ideals (not just the ones coprime to /). Having extended 
the definition of u/j to this broader setting it is useful to make the following definition: 

Definition 1.1 Let r G K\Q and let b = ArAr C K be the associated normalized 
discrete Z-niodule of rank 2. Assume furthermore that End/< (b) = O where cond((9, A^) = 

I. Let Q O be an O -ideal (not necessarily invertible). In this case we say that the p-adic 
invariant UD{b,g) (resp. {uc{r,T))) is relative to the order O. 

We keep the same notation as the paragraph above Definition 1 One of the key steps 
in the proof of Theorem 11.11 will be to show the following relation (see Proposition 19. 3p 

(1.9) unia\rr = ucil,Tr, 

where uc(l, r) is the p-adic invariant associated to a suitable choice of a family of modular 
units {/3r(2^)}r6Z//z and e is a certain rational number that can be computed explicitly. We 
note that the construction of the p-adic invariants ud and uc are different in nature and 
therefore the identity (11.91) is far from trivial. Roughly, the strategy that we use to prove 
(11. 9p consists in relating the underlying p-adic measure of m^i (say /id), to the underlying 
p-adic measure of uc (say fic)- Both of yU.^ and fic may be viewed as Z- valued measures on 
the space Z^. In some suitable sense one can show that /^d is equal to fic (when evaluated 
on a ball of up to some error term which disappears when one integrates over the space 
X (see Proposition 18.31 for a precise statement involving the error term and the measures 
fiD and fic)- However, we would hke to emphasize here that the p-adic invariant on the left 
hand side of (11. 9p is relative to the order Or* and the one on the right hand side is relative 
to the order Or. As pointed out earlier, in general these two orders differ. It is precisely 
the discrepancy of these two orders which makes Theorem 1 1 . 1 1 deep er than identity (11.90 . 

Let us explain in greater details why this discrepancy is problematic regarding Theorem 

II. 11 In |Das08] . Dasgupta considered p-adic invariants of the form UD^b, f) where f = fOx 
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and b = ArAr where r G A'\Q is such that EndxiAr) = Ok and {Ar, /) = 1- Set p = r* 
where r* = Note that p* := = r. Using (11.91) . one may deduce that 

(1.10) un{A^,.A^.JOp,Y^ = unibJOKY' = uc;(l,p)^ 

where e is a certain integer such that e\(f{f). The first equahty in (ll.lOp follows from the 
definition of p and the second equahty follows from (11.91) . One immediately sees that (11.101) 
gives a precise relation between Dasgupta's p-adic invariant ud (as considered in |Das08] ) 
and a special case of the p-adic invariant uc considered in [Cha09dj . However, the left hand 
side of (11.101) is relative to the order Ok and the one on the right hand side is relative to 
the order Of. Therefore, identity (ll.lOp does not quite fulfill the statement of Theorem 
11.11 In order to prove Theorem II. H one needs to work harder and prove some "distribution 
relations" which are satisfied by the ]9-adic invariants md's relative to different orders. Our 
Proposition 110.11 gives an explicit example of such distribution relations. This proposition 
is the key tool which is used in the proof of Theorem II. 1[ 

Finally, for the end of the introduction, we would like to introduce some new notions 
that emerged naturally from our work. Let O be an arbitrary order of K of conductor 
coprime to A^. Let b C ii^ be an arbitrary (9-invertible ideal, i.e., Endii-(b) = Endx(s) = O 
and let C (9 be an arbitrary O-module which we assume to be invertible only for the sake 
of simplicity. We say that b is Q-int if b may be written as b = cD~^ where c, 3 C (9 are 
invertible (9-ideals and where {d, q) = d + q = O. Note in particular that if b C O then b is 
automatically g-int. A pair [b, g] is said to be primitive of conductor [O, Xq] if there exists 
A G such that Ab, Ag C O and such that (Ab, Ag) = O. We have put brackets [b,g] 
in order to distinguish the "ordered pair (b, g)" from the standard notation (b, 0) = b + g. 
From now on we drop the O in the notation [O, Xq] since it was assumed from the outset 
that O was a fixed ambient order. Note that even though A is not unique, the Z-lattice 
Xq is well defined. If no such A exists then we say that the pair [b,Q] is non-primitive. 
For example, let a = At-A^ where Or = Ok and let f = JOk- Furthermore, assume that 
(a, f) = Ok which is equivalent to {A^, /) = 1. Then one may check that [a, f] is primitive 
of conductor f. Now consider the pair [a*, f*] where r* = a* = A,-* A,-, and f* = fO^*. 
Then one may check that [a*, f*] is a non-primitive pair if / > 1. 

Let us explain how this notion of primitive pairs intervenes in the context of the p-adic 
invariant ud that was introduced earlier. Let [b,Q\ be a pair as in the paragraph above of 
conductor q. Then Conjecture 19.21 predicts that Mz)(b,g) is a strong p-unit in K{qoo)^'^'-^K 
The author expects, that for such a fixed primitive pair [b, g] and for a "generic divisor 5" 
(see Section [5.21 for the definition of S) that the p-adic invariant M^j(b,g) generates the 
maximal CM subfield of K (qoo)^"'^'^ . Thus we expect that (for a generic divisor 5) j(a, f) 

generates the maximal CM subfield of K(foo)^'^^\ say Lcm- It is important here to use the 
word generic since explicit computations done in |Das07] and |Cha09a] reveal that it may 
happen that for some divisor 6, M^j(a, f) lies in a proper subfield of Lqm- On the other 
hand, the author expects things to be different for a non-primitive pair. For example, we 
may consider the non-primitive pair [a*, f*]. A priori. Conjecture 19. 2[ only predicts that for 
a divisor 6 one has that UD,5{a*,f*) G Ji(f oo)^'^*'^ Note that i^(foo) ^ K{f*oo). However, 
a more careful analysis of Conjecture 19.21 (see Section 19. 4p . implies that u^j{a*,f*) G 
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/'^(foo)^'^'"^ This strange phenomenon can be accounted by the observation that the pair 
[o*,f*] is non-primitive! The interested reader may also find many numerical evidence in 
|Cha09a] supporting the conjectural relation j^(a*, f*)^^ = uc{1,t) G A'(foo)^'^*"^ 

One of the main goal of this paper is to extend Dasgupta's construction in the follow- 
ing broader setting: to an arbitrary order O K (not necessarily the maximal one) of 
conductor coprime to and to an arbitrary pair [b,g] (not necessarily primitive) where 
g C O is an O-ideal and where b is C-invertible and 0-int, we construct a ]9-adic invariant 
n^(b,g) e K^. 

2 Notation and some basic notions about orders 

Let K he a. real quadratic number field and let Ok = Z + be its maximal Z-order. An 
arbitrary Z-order of K will be denoted by the letter O. For every positive integer n > 1 
there exists a unique order of K with conductor n which we denote by On = Z -|- nuZ. 
Let O he a. fixed Z-order of K. A discrete O-module a <^ K will be called an O-ideal. If 
a, b C are Z-lattices (always assumed of rank 2) we denote by (a, b) := a+b. We remark 
here that if a, b C if are (9-ideals then (a, b) is the smallest O-ideal of K which contains 
a and b (note however that the Z-module (a, b) is completely independent of the ambient 
order 0\). By an invertible O-ideal (or an O-invertible ideal) we mean an O-ideal a such 
that 

Endi^(a) := {X e K : XaC a} = O. 

Note that every Z-lattice A C if is an invertible (9- ideal for O = Endx(A). For an arbitrary 
Z-lattice A C if we define 

(2.1) A-^ := {A G if : AA C Endx(A)}. 

A Z-lattice A C if will be called integral if A C Endx(A). A Z-lattice A is said to be 
O-integral if A is an O-ideal such that A C O. We note that the notion of integrality is 
absolute since it does not depend on the choice of an ambient order while the notion of 
O-integrality is relative since it depends on the choice of an ambient order O. 

We recall some facts about invertible O-ideals. It is well known that an O-ideal a is 
invertible if and only if for every prime ideal p 7^ of O one has Op is a principal Op-ideal 
(here Op denotes the localization Op of a at p). For a proof see Proposition 12.4 of |Neu99j ). 
From this we may deduce that a prime p of O is invertible if and only if Op is a discrete 
valuation ring. We have the following criterion for invertible prime ideals of O: 

p \ cond(O) <^=^ p is invertible, 

where cond(O) denotes the conductor of O. For a proof of this fact see Proposition 12.10 
of |Neu99] . 

If A and A' are two lattices in if then one always has that 

(2.2) EndxiA) n EndK(A') C End/^(A n A'). 
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In general the inclusion in fl2.2p could be strict. If o and b are (9-ideals the two lattices 
a n b and (a, b) are again O-ideals and one always has that 

O C End^(a n b) and O C End/^((o, b)). 

In general, the two inclusions above could be strict, even when restricted to invertible O- 
ideals. However, in the special case where a and b are invertible (9-ideals supported only 
on invertible prime ideals of O, then the two inclusions above become equalities. 

Let o and b be 0-integral ideals. Then we have the following short exact sequence 

^ a/ab ^ O/ab O/a 0. 
From this we may deduce that 

(2.3) [O : ab] = [a : ab][0 : a]. 

Under the additional assumption that a is an invertible (9-ideal, an easy localization ar- 
gument shows that o/ab is isomorphic (non-canonically!) to O/b as an abelian group. 
Combining the previous observation with ( 12. 3 p we may conclude that if either a or b is 
O-invertible then 

(2.4) [O : ab] = [O : a][0 : b]. 
We have the following diagram 

Spec{OK) Spec{On) 




Spec{Z) 



Since C^i^rf^] = C^^f^] we see that the map vr, when restricted to p^^ {Spec{Z[j^])) , is an 
isomorphism. Let / be a prime divisor of n and let 3i := VL^niijTL. Note that J; is a prime 
ideal of On such that On/'^i — TLjlTL. The fiber above VL (always for l\n) is given by one of 
the following two possibilities: 

(1) if / is inert or ramified in K: ^(/Z) = {J/}, 

(2) if / splits in K: p^^iVL) = {3i, r]', r/"^} where IOk = and r]' = r] n 0„, 

In general, for a fixed integral Oi^-ideal and an arbitrary order O (we think of O here 
as varying), one has a natural inclusion 

(2.5) o/{mno) ^ Ok/% 

which may fail to be onto. However, there is a special type of O/^-ideal 91 for which (12. 5p 
is an isomorphism for all orders O of K, namely the case where Oi^f/Ol ~ Z/A^Z is a cyclic 
abelian group. We leave the proof of this elementary fact to the reader. In particular, let 
{h}i=i be a set of prime numbers that split in K and let kOx = ViVi- Then if one sets 
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*H = 111=1 f*^^ some arbitrary positive integers e^, one has that Ok/^ — Z/A^Z where 
= ni=i^r- Therefore the map in fl2.5p is onto. Always in this special case, one may 
furthermore check that for all orders O, one has that Endi^((9 fl = O, so that ( ]2.2p 
becomes an equality with A = O and A' = 

We let C be the set of all free Z-modules contained in K. The set C comes equipped 
with a natural stratification 

(2.6) C = 

o 

where = {L E C : EndxiL) = O} and the disjoint union is taken over all orders of K. 

We now introduce equivalence relations on C and on a stratum . These equivalence 
relations may be viewed as natural generalizations of the usual equivalence relation on the 
set of ideals of a Dedekind domain which gives rise to the ideal class group. Let X E . 
The notation A ^ is taken to mean that A is a totally positive element, i.e.. A, A'^ > 0. 

Definition 2.1 Let f G Z>o be a fixed integer and let Li,L2 G C. We say that 
Li ~/ L2 if and only if there exists A G L^^f + 1, A S> 0, such that XLi = L2. (see (12.11) 
for the definition of L^^). Let O be a fixed order and let f be an O-integral ideal. For 
Li, L2 G we say that Li ~j: L2 if and only if there exists A G Lj^^f + 1, A 0, such that 
XLi = L2. 

It is easy to see that ~/ is reflexive, transitive and symmetric. Therefore ~/ gives rise 
to an equivalence relation on C. A similar statement holds for ~ji if we replace C by C^. 
We note that ~/ preserves the stratification given by (12.61) and that if Li,L2 G and 
Li r^f L2 then Li is (9-integral if and only if L2 is (9-integral. 

Let Li,L2,a G and assume that Li r^f L2. Then if a is 0-integral one can show 
that 

(2.7) Lia ~/ L2a. 

Now suppose that Li, L2, a, b G Li ~/ L2 and a ~/ b. If Li and b are (9-integral then 
applying (12. 7p twice we find that aLi ~j bLi and bLi ~y bL2. Thus by transitivity of ~/ 
we find that 

(2.8) aLi ~/ bL2. 

Note that in general, if Li, L2 G and i^i ~/ L2, it is not necessarily true that ^ ~j L2 ^ 
(unless / = 1). 

Let O be a fixed order. Let f be an 0-integral ideal which is not necessarily O-invertible. 
We define the set 

-^C'(f) := {b C C : b is an invertible integral O-ideal coprime to f, i.e., (f, b) = O}. 

For m G Zi>i we also let Io{m) = Io{fnO). Consider the monoid /©(I) where the multipli- 
cation is given by the usual multiplication of ideals. For every O-integral ideal f we have 
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the equivalence relation ~f on /©(I). Note that if a ~f b then (a, f) = (b, f). In fact, if for 
every (9-integral ideal D f we let 

Io[^, f] := {b C (9 : b is an invertible integral C-ideal such that (f, b) = d}, 

then the set Io{^)/ ~f admits the following stratification: 

^o(l)/~f = U ^[3>f]/~f • 

Using fl2.8p . we see that the monoid structure on /c)(l) descends to a (finite) monoid 
structure on /©(I)/ ~f. The set of invertible elements of /©(I)/ ~f is exactly loif)/ ~f- 

Definition 2.2 We set Co{f) '■= Io{f)/ ~f- cedl Co{f) the narrow extended ideal 
class group of K of conductor [O, f]. In the special case where f is O-invertible we simply 
say that Coif) ■'^ narrow extended ideal class group of K of conductor f. Note that this 
makes sense since the order O is already encoded in f (End/^ (f) = O). By class field theory, 
the ideal class group Co{f) corresponds to an abelian extension of K which we denote by 
K{[0, f\oo) where oo = 001002 stands for the product of the two distinct real places of 
K. We call K{[0, f]oo) the narrow extended class field of conductor [0,f]. In the case 
where f is O-invertible we simply write K{foo) rather than the more cumbersome notation 
Ki[0,f]oo). 

We note that K{[0, f\oo) is an extension of K unramified outside the finite places of K not 
dividing [(9 : f] ■ cond((9). On the other hand, the ramification above ooi and 002 is a more 
delicate question and depends on the sign and congruences of a fundamental unit of K. 

We define 

(1) PoAf) = {^^0:a,f3eO, («, f) = f) = O, a = /3 (mod f)}, 

(2) Po,i(foo) = [^O : a, (3 e 0,{a,f) = {f3,f) = 0,a = f3 (mod f), f » o}. 

(3) QoAf) := e K : a, (3 e 0,{a,f) = {f3,f) = 0,a = f3 (mod f)}. 

(4) QoAfoo) := e K : a, /3 e 0,{a,f) = {f3,f) = 0,a = /3 (mod f), f » o}. 

We have a natural map Qo,i{f) Po,i{f) (resp. Qo,i{foo) — t- Po,i{foo)) which is given 
by A (-7- \0. One may prove that for a, b G Io{f), a ~f b if and only if there exists 
a XO e Po,i{foo) such that Aa = b. Keeping in mind that Po,i{foo) ^ Io{f) we may 
nevertheless identify Co{f) with the "quotient" Io{f) / Po,i{foo) in the sense just explained 
above. 

We will need the following elementary proposition: 

Proposition 2.1 Let n, f & Z>i and let O and O' be orders such that cond((9) = m 
and cond(C') = nm (in particular O' CO). Set f = fO and f = fO'. 
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(i) Let a G Io{nf) then aHO' is O'-invertible. Moreover, the natural map 

(2.9) e : loinf) ^ lo'if) 

a 0(a) = anC' 

is multiphcative, i.e., for all a, a' G /©(ji-f) one has 6(00') = 9(a)9(a'). 

(a) If a, a' G loinf) are such that a 0! then one has 6(a) ~/ ©(a') and therefore 6 
induces a natural onto map 

(2.10) e -.00^)^00' if). 
Proof See Appendix [Cl 

We note that the map in the above proposition corresponds to the restriction map 

Gal{K{fnoo)/K) "A' Gal(i^(f oo)/K). 

3 An equivalence relation on pair of lattices with cyclic 
quotient 

For every r G /'^\Q we define 

Qr{x, y) := A{x - ry){x - r^y) = Ax'^ + Bxy + 

with A > 0, A,B,C G Z and {A, B,C) = 1 to be the unique primitive quadratic form 
associated to r. Usually, we will denote the coefficient of of Qr{x,y) by Ar = A. We 
note here that if a is positive integer such that aA^- C Or then A^|a. Recall that for every 
Z-lattice L ^ K we define Endii-(L) = {A G : XL C L} and when r G A'\Q we denote 
Endi^(AT-) simply by Or- For an element r G K\Q one can check that = Z + A^rZ. 
For every Z-lattice L 'O K we define N(L) to be the absolute value of the determinant of a 
matrix with rational coefficients that takes a Z-basis of Ok to a Z-basis of L. Note that for 
an element a G and an arbitrary order O one has the formula N(aC) = |Nx/Q(a)|N(0). 
One may also check that 

(3.1) N(A,) = ^^^4^ A,A,. = J-a. 

In particular, if a is an invertible integral (9-ideal we obtain from the first equality of (13. ip 
that N(a) = cond(C)[C : a]. 

Let C be the set of all lattices of K. It is convenient to define a map that takes an 
element of K\Q to an integral lattice of K. 

Definition 3.1 We set 

I_ : K\Q C 

r Ir := ArAr, 

where Ar is the x^ -coefficient of Qr{x,y). 
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We record the following two useful formulas 

(3.2) (i) J-i = A^. and (ii) t^I^ = Ii. 

T 

From now on we take the following convention: 

Definition 3.2 Let O O' be two orders and let a E CP' and L E CP . Assume 
furthermore that a is O' -integral. Then the product aL is taken to mean (a fl 0)L where 
the last product is the product as two O-ideals. 

Let = ni=i ^? where h's are distinct prime numbers which split in K and where the e^'s 
are arbitrary positive integers. Choose a splitting of DT, i.e., an integral (9x-ideal such that 
*Jt9T'^ = NOk- Note that for any lattice L E CP one has that ^TtL is again O-invertible and 
that L/OIL ^ Z/iVZ. 

We set E{% = {t E K : = A^vr, r - > 0}, and H^{m) = {t E H{m) : = 
C}. We note that 

(3.3) ^Ar = Ant NAr = m^ANr- 

We have a natural stratification 

(3.4) H{m) = [jH'^{'yi), 

o 

where the union is disjoint and taken over all orders of K. We note that if r G H'^{^) 
then necessarily N\Ar. In particular, one may deduce from this that 

(3.5) r E H'^im) <^^E /f^(9T). 

Nt 

We also define C{m) = {[L,^L] E C^} and C^{m) = {[L,DTL] E £(01) : Endi^(L) = O}, 
where O is an arbitrary order of K. Similarly to (13. 4p we have a natural stratification 

(3.6) c{m) = [jc'^{m). 

o 



Definition 3.3 Let O he a fixed order and let q E O he a fixed O-ideal. Let [a, b] , [o', b'] E 
C^{^). We say that [a, b] ~g [a', b'] if and only if there exists A E (a~^g + 1), A > 0, such 
that [Aa,Ab] = [a', b']. 

One may check that ~g gives rise to an equivalence relation on the set £^(91). 

Now let / G Z>i be an integer coprime to Ndx- We now focus our attention on the two 
sets Z//Zx i/(9T) and £(DT). On each of these two sets we will define an equivalence relation 
and it will be shown that their respective quotients are in natural bijection. Consider the 
map 

: Z//Z X H{% C{% 

(r, r) t-)- [r/^, r9T/^] 

where ~ : Z//Z —t- {1, ...,/} is the unique map such that for any r G Z//Z one has r = r 
(mod /). 



15 



Definition 3.4 Let (r,r), (r', r') G Z/fZ x We say that (r, r) ~/ (r',r') if and 

only if there exists a matrix 7 = ^ ^ ) ^ ^o{fN) such that d^^r = r' (mod /) and 

t' = -fT. Let [L, M], [L', M'] e We say that [L, M] [L', M'] if and only if there 

exists A G (L^V + 1), A > 0, such that [XL, AM] = [L', M']. 

We denote the class (r, r) modulo ~/ by [(r, r)] and the class [i^, M] modulo ~/ by 
[[L,M]]. 

Proposition 3.1 The map 

^ : (Z//Z X H{^))/ ^ £(0^)/ -/ 
[(r, r)] h-> [^(r, r)] , 

is well defined and induces a bijection of sets. 
Proof See Appendix [Cl 

3.1 An adelic action on £(9^) 

In this subsection we first define an adelic action on the set ~g. This adelic action 

is the key ingredient that allows to define the conjectural Shimura reciprocity law for the 
p-adic invariant uo (see Conjecture 19.21) . Second of all, using the identification between 
£(9T)/ ~j and Z//Z x H{'\ft)/ (see Proposition 13.11) we transport this adelic action to 
the set Z/ fZ x H{^)/ This adelic action is used to define the conjectural Shimura 
reciprocity law for the p-adic invariant uc- 

Let Ck = A^/K^ be the idele class group of K. By class field theory we have a short 
exact sequence 

^ 0, 

where is the connected component of Ck which contains the identity. For every integral 
CA:-ideal m class field theory gives us a natural onto map 

TTm : Ck Cok{vci) 

where Co^(m) = /c)^^-(m)/Pc)^_i(m.oo) stands for the usual narrow ray class group of con- 
ductor m of K. 

Definition 3.5 Let O he a fixed order of K and let q C O be an O -ideal. Let n = 
cond O, g = [O : q] and let 

(3.7) Tign : Ck Conign), 

be the surjective map given by class field theory. For every c G Ck and [[L, M]] G 
C^{m)/ ~g (see Definition\Mfor the meaning of ~g j we define 

(3.8) c*[[L,M]] = [[(anC)L, (anC)M]], 
where 7ign{c) = [a]. 
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We note that the group action (13 .Sp is well defined. Indeed if a, a' G Iqk (fl"^) a ~g„ a' 
then from Proposition 12.11 one has that (a fl O) ~g (a' fl O) which in turns implies that 
(anO) ~g (a'nC). Note also that since (a, nO/^) = Ok one has that aCiO is C-invertible. 
Thus (o n 0)L and (a fl 0)M are again 0-invertible ideals. 

Using Proposition 12. II we have a natural onto projection map 

e : CoAan) ^ Co{g) 
[a] ^ [anO]. 

Moreover, the natural map p : Co{g) Co{q) is also onto. It thus follows that the map 
po 9 is onto. If one restricts the action of Ck to a stratum ~g then one may check 

that the action of Ck factors through the generalized ideal class group Co{q) in the sense 
that for all [[L, M]] G £^(01)/ ~g one has that 

c^[[L,M]] = [[cL,cM]], 

where [c] = p oQ o ngn{c) and Hgn is the map which appears in (13. 7p . 

Thanks to Proposition 13.11 we may now define an action of Ck on the set (Z//Z x 

Him/ 

Definition 3.6 Let [(r, r)] G (Z//Z x H{m/ ~/ and let V^[(r, r)] = [[L,M]] G 
£^-(01)/ ^f. For ceCk we define 

c^[(r,r)] :=r'(c^p,M]]). 

4 Zeta functions attached to real quadratic number 
fields 

In this section we introduce certain zeta functions attached to K that play a key role in 
the construction of the two p-adic invariants uc and ud- There are two sets of notation 
available if one wants to define these zeta functions. The first set of notation uses the 
language of quadratic forms. The second set of notation uses the language of ideals. Each 
of these two ways has its own advantages and inconveniences. The language of quadratic 
forms was privileged in |DD06j and |Cha09dj while the language of ideals was used in 
[DasOSj . One should note that for a general number field, the language of quadratic form 
has no equivalent. The reader will find in this section the precise definitions of the zeta 
functions that appear in the construction of uc and ud and the relations between them. 
We also collected some key facts about special values of partial zeta functions at negative 
integers which are used implicitly in the proof of Theorem 11.11 

Let O be an arbitrary order of K and let f be an O-integral ideal. We denote the group 
of units (resp. totally positive units) of which are congruent to 1 modulo f by 0(f)^ 
(resp. 0(foo)^). In the case where f is a principal ideal generated by an integer / we will 
write 0(/oo)^ rather than the ugly notation 0{fOoo)^ . 
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Definition 4.1 Let r G K\Q. We define ?7r = ( ^ ^ ] to be the unique generator of 



c d 

StahY^(f){T) such that cr + d > 1. We also set (-{jIt-) := ct + d. 



Definition 4.2 For every pair (r, r) G Z//Z x A'\Q we define 

.gn{Qr{m, n 
\Qr{m,n)Y 



{(m,n,)eZ2\(0,0)}/(,7r> 

(2)C((r,r),.)^/- SW>1. 

{0^(m,n)={r,0) (mod /)}/(r^> '^^^ ' ^1 

The first summation is taken over a complete set of representatives of {(m, n) G Z^\(0, 0)} 
modulo a right action of rjr which we define below. Similarly the second summation is 
taken over a complete set of representatives of 

(4.1) {0 7^ (m, n) el? : (m, n) = (r, 0) (mod /) } 
modulo the right action of rjr- 

c d 

(4.2) {x ^^^■.= {-by + dx,ay-cx). 

We have used the symbol (j in order to distinguish it from the standard right multiplication 
of a row vector by a 2 by 2 matrix. We note that 



The right action of a matrix ( ^ ) £ 6*^72 (Z) on a pair (x, y) is given by 



{ X y )h= (l ^ 



t 

X 

y 

However, we have preferred to avoid the use of the transpose operation on vectors and 
matrices so that the notation which appears in f l4.2p will be privileged. This right action 
is forced upon us for the following reason: Let 0{foo)^ = (e) with e > 1. Then the action 
of the unit e on the column vector ( r 1 is given by the standard left multiplication by 
the matrix 77^, i.e., 

T \ It 



1 = ^ V 1 



Now say that ?7r = ( ^ ^ ) then since 



{-y x)[ ^ \ = x-Ty 
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we find that 




which forces the right action defined in f l4.2p . We note that (2) of Definition 14.21 makes 
sense since for 7 e ri(/) one has 

( r ) 7 = ( r ) (mod /). 

We also note that the summations in (1) and (2) don't depend on the choice of the repre- 
sentatives. 

Remark 4.1 This subtle point concerning the right action of 77,- on the set (14. ip was 
overlooked in |Cha09dj . It was wrongly stated on p. 24 of |Cha09d] that the matrix 77^ was 
acting on the left by the rule {x, y) 1— )■ [ax + hy, cx + dy). This mistake had no implications 
for the results stated in |Cha09dj but it should nevertheless be corrected. In fact the right 
action defined in (14. 2 p will play a key role later on (see for example (I7.10p and (17. lip ). 

Remark 4.2 The zeta functions appearing in (1) and (2) of Definition 14.21 satisfy the 

identities C((^! '^)^^) = C((~''"7 and Ciij^ 't)^^) = C(('~''^! 't)^^)- the special case where 
/ = 1 one has C((0,r),s) = — C((0,r),s). One may also check that C((0,r),s) coincides 
with the zeta function CqA^) which appears in equation (55) of |DD06] . 

Recall that there is an action of ro(/) on the set Z//Z x A'\Q given by 

7^ (r,r) = [d^\ for 7 = ( ^ ^ ) e ro(/) and (r, r) G Z//Z x A^Q. 

Let (?", r), (r',r') G Z//Z x A'\Q. A direct calculation shows that if (r, r) is equivalent to 
(r', r') modulo ro(/) then C((r, r), s) = C((r', r'), s) and (((r, r), s) = C((r', r'), s). 
The zeta functions (1) and (2) are related by a functional equation. 

Theorem 4.1 The function C((r, r),s) admits a meromorphic continuation to all of 
C. Moreover, let F^^{s) = disc(Q,)^/2^-T (^)l Then 

(4.4) -F^,{s)C{{r,T),s) = F„,(l - s)C((r,r),l - s). 

Proof This result can be deduced from the computations carried by Siegel in |Sie68] . For 
a detailed proof which builds on ideas of |Sie68] . see the proof of Theorem 8.2 of |Cha07j . 
For a different proof which uses the functional equation of a theta function see Theorem 
1.1 of |Chan9c] . □ 

Remark 4.3 In particular, Theorem 14.11 allows us to give a meaning to the special 
values of C((r, r),s) at negative integers. The zeta function appearing in (1) will not be 
used in this paper. The author included it only in order to state the functional equation 
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Let O he a. fixed order of K and let f be an (9-integral ideal (not necessarily invertible) 
which is distinct from O. 



Definition 4.3 We say that an invertible O -ideal c is f-int if c can be written as c = 
ab^^ where a and b are invertible integral O-ideals such that (b, f) = O. 

Remark 4.4 We have used the notation f-int in order to avoid any confusion with the 
notion of (9-integrality that was defined in Section |2l Note also that when c is an integral 
invertible (9-ideal then it is automatically f-int. 

Definition 4.4 Let c be an invertible O-ideal which is f-int and choose a writing c = 
ab-i such that (b,f) = O. We define 



r.(f) := o(oo)Xn(fri 



where G Z is an arbitrarily chosen integer contained in b C such that n^ = l (mod f). 
Note that the existence of such an integer is guaranteed precisely because c is assumed 
to be f-int. 

Remark 4.5 Let a and b be f-int invertible (9-ideals. Then if there exists a A G 
such that a = Ab and that (a, f) = (b,f) then one has that Ta{f) = ^b{f)- In particular, if 
one has that a ~f b then r(,(f) = rn(f). 

We would like now to introduce partial zeta functions twisted by a sign character w : 
K"" ^ {±1}. 

Definition 4.5 Let c be an invertible O-ideal which is f-int. We define 

c(c,f,^,.) = N(c)-^ J2 w^^^^' m>h 

where E Tj is an arbitrarily chosen integer as in Definition \4.4[ 

The summation is taken over a complete set of representatives of {0 7^ /i G (fc~^ + ric)} 
modulo Tc{f). One may check that ({c,f,w,s) is independent of the choice of and that 
the first entry of ({c,f,w,s) depends on c only modulo ~j. Let b be an invertible integral 
(9-ideal. Then if c is f-int the O-ideal cb is automatically fb-integral and one has 

(4.5) ac,f,w,s) = acb,bf,w,s). 



Remark 4.6 Similarly, one can define such zeta functions for an arbitrary number 
field. A functional equation similar to f l4.4p holds, see |Cha09c] . In |ChalO] . the author 
worked out some of their arithmetic properties. 

We also define classical partial zeta functions attached to an arbitrary order O. 
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Definition 4.6 For every invertible O -ideal c we deGne 

c(c.,oo..) = NW- E «w>i- 



This function admits a meromorphic continuation to all of C with a single pole (of order one) 
at s = 1. If [a, f] is primitive of conductor [O, q] we say that ({a, f, w, s) (resp. ({a, foo, s)) 
is primitive of conductor 

Remark 4.7 If the ideal o is an integral Ox-ideal (necessarily invertible) coprime to f 
one readily sees that 

(4.6) C(a, foo, s) = UK{foo)/K, a„, s), 

where aa G Gf := Gal{K{foo)/K) is the Frobenius at a and R is the set of finite places of 
K which divide f. The zeta function (ii{K{foo)/K,aa, s) is the one that appears on the 
left hand side of (11. 3p . 

The next two identities below give us a way to write a partial zeta function weighted by 
a sign character w; as a linear combination of classical partial zeta functions and vice- versa. 
Let {Aj}f^^ be a complete set of representatives of Qo.iif)/ Qo, lif'^) (for the definitions of 
Qo,i{f) and Qc',i(foo) see Section Then for any invertible O-ideal b which is f-int and 
any sign character w, a direct computation shows that 

4 

(4.7) C(b, f, w,s) = J2 |N(A,)r^^i;(A,)C(bA„ foo, s), 

1=1 

and that 

(4.8) 4C(b,foo,s)= Yl C(b,f,it',s). 

It! is a sign character 



There are two sign characters that will play a special role in our context, namely wq '■= 1 
and Wi := sign oNj^/q. We have the following lemma which relates special values at negative 
integers of ({a, f, Wi, s) (for i G {0, 1}) with the ones of ({a, foo, s). 

Lemma 4.1 Let k G Z>i and k = i (mod 2). Tiien 

4C(o, foo, 1 - A;) = C(a, f, Wi, 1-k). 



Proof This lemma follows from (14. 8 p and the key observation that ({a,f,w,l — k) = for 
w = ibsign and k G Z>i. For a proof and an explanation of the latter fact see p. 812 of 
IChalOj . □ 

Remark 4.8 One can show that if there exists an e G 0{f)^ such that wi{e) = 
sign(N;^/Q(e)) = —1 then ({a, f,wi,s) is identically equal to 0. 
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Definition 4.7 Let Gi and G2 be subgroups of Ok{oo)^ where Gi = (ei), G2 = (62) 
and ei, e2 > 1. We deGne 



[Gi : G2] e Q>o 

to be the unique positive rational number r such that = €2- 

The next lemma says the zeta function associated to a quadratic form which appears 
in (2) of Definition 14.21 is the same (up to a simple fudge factor) to a partial zeta function 
twisted by the sign character wi. 

Lemma 4.2 Let (r, r) G Z//Z x K\Q and let f = fOr- Then 

(4.9) C((r, r), s) = /i(r, r)N(f)^C(r/., f, s), 
where 

(4.10) /i(r,r):=[r^,,(f):(e(r/,))]GQ>o. 
Proof This is straightforward computation. □ 

Remark 4.9 We note that in the special case where r G H^'^i^) is such that (A,-, /) = 
1, it may be shown that e(?7r) is a generator of Ok{^oo)^ and therefore if r G (Z//Z)^ one 
has that fi{r,T) = 1. 

5 Two groups of divisors 

In this section we introduce two groups of divisors Div f{N) and Div(DT) which are free Z- 
modules of finite type endowed with an additional structure of a Z//Z-module. The first 
group of divisors captures in essence the choice of the family of modular units {(3r{z)}rez/fz 
which appeared in the introduction. The second group of divisors may be viewed as a 
convenient way of "twisting" Shintani zeta functions in order to regularize their special 
values at negative integers. 

For the rest of the section we fix a triple {p, /, N) as in the introduction where now N 
is no longer assumed to be square-free. We let N = YVi=i ^ = 111=1 vT where rji is 

a choice of a prime of Ok above Zj. Thus one has Ok/^Ok — Z/A^Z. 

5.1 The group Div/(iV) 

Let Div(A^) be the free abelian group generated by the symbols {[d] : d\N, d > 0} and let 

deg : Div(iV) Z 

^n(rf)[rf] H- y^^n{d)d, 

d\N d\N 
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be the degree map. We denote by Div (A^) the kernel of deg. It is also convenient to define 
an involution * : Div(A^) — )• Div(A^) given by the rule [d\* = . Thus if 5 = J2d\N 
one has 6* = J2d\N '^i^) [^] . We define 

Div/(A^) := Div(A^) x Z//Z. 

A typical element of 5 G Div/(A^) will be denoted by 

5= n{d,r)[d,r] where n(d,r)E7j, 

d\N,reZ/fZ 

where [d,n] is a shorthand notation for the element ([(i],T) G Div(A^) x Z//Z. 

We endow the abelian group Div/(A^) with a left Z//Z- module structure which is given 
on a generator [d,j] by the rule r -k [d,j] = [d,rj] for r G Z//Z. Then we extend * to 
all of Divj(A^) by Z-linearity. For a divisor 6 G Divj(A^) we will also use the short hand 
notation 6r which is taken to mean r-k6. We extend the involution * to Divj(A^) by the 
rule [d,r]* = —r]. The Z-module Divj(A^) admits a direct sum decomposition given by 

Div/(^^) = Div/(iV)i, 

tez/fz 

where Div/(A^)t = {6 e Div/(A^) : 6 = T.d\N^id)[d,t]}. For every t G Z//Z, we have 
a natural projection maps tt^ : Divf{N) — )■ Divf{N)t given by J2d\N re:Z/fz^(^^''^)['^^''^] ^ 
J2d\N ^i^^ ^) ■ ^Iso have a degree map on Div/(A^)t which is given by ^^|^ n{d, t) [d] i— 
J2d\N^id,t)d. 

Let (p, /, A^) be a triple as in the introduction. The next definition is crucial for the 
construction of the p-adic invariants udd and Uc- 

Definition 5.1 We say that a divisor 6 G Div/(A^) is a good divisor (with respect to 
the triple p, f,N) if the following two conditions are satisfied: 

(1) For all t G Z/Z one have deg(7rt(5)) = 0, 

(2) pi. 6 = 6. 

Remark 5.1 In Appendix [B], it is explained how to associate a modular unit (3s{z) to 
a divisor 6 G Divj(A^). The condition (1) implies that the modular unit Ps{z) has no zeros 
nor poles on the set ro(/A^){oo} and (2) implies that is t/p-invariant (see Section 4 

of |Cha] for further details). 

5.2 The group Div/(OT) 

In this subsection we fix an order O, an (9-integral ideal f = fO and an element r G H'~'{^). 
We let S be the set of places of K that consists exactly of all the infinite ones, p = pOx 
and the ones that ramify in K{foo). We note that K{foo) is an unramified extension of K 
outside / ■ cond(C). We let R = S\{p}. 
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Define Div(DT) be the free Z-moduIe generated by tlie symbols [O] wliere ()\^. An 
element 6 G Div(9T) will be denoted by 

r)\<n 

where n{D) e Z. We also define an involution * on Div(D^) which is given on generators by 

We now fix an identification between Div(9T) and Div(A^). 
Definition 5.2 Let 

$ : Div(DT) ^ Div(A^) 



be the map which is given on generators by [d] ^ 
Div(*Jt) by Z-linearity 



N(9T) 
N(0) 



. Then we extend $ to all of 



We note that $(5*) = $(5)* 

Because of our choice of $ we define the degree map on Div(9^) in the following way: 



deg : Div(ai) Z 



m ()\<n 

In this way, elements of degree in Div(9T) map to elements of degree in Div(A^) under 
$. We denote the kernel of deg by Div 

Definition 5.3 Let D' and c) be two divisors of *Jt. We say that D' is consecutive to if 
\ = f]i ^or some i. 

The next lemma will play a key role later on 

Lemma 5.1 The group Div is generated by elements of the form 

d'[d']-d[d], 

where d' is consecutive to d, d! = N(O') and d = N(0). 
Proof This is an easy induction argument. □ 

We define Divj(91) := Div(91) x Z//Z and endow it with its natural structure of Z//Z- 
module. An element 6 G Div/(DT) will be denoted as X]o|atr6Z//z^(^'''^)[^'^]- There is a 
natural direct sum decomposition of Div(Ol) which is given by 

= Di^/(^)*' 

tez/fz 



24 



where Div/(D'I)t = {5 G Div(9T) : 6 = X]o|ai'^(^)[^' ^]}- The isomorphism $ induces in 
a natural way an isomorphism of Z//Z-module between Divj(9T) and Dwf{N) which we 
again denote by $. For every t G Zf//Z, we let Ht : Div/(DT) — )■ Divj(DT)t denote the natural 
projection map. Note that vr^ o $ = $ o tt^. 

Finally, we say that a divisor 6 G Divj(9T) is a good divisor (with respect to the triple 
{p, /, A^)) if and only if $(5) G Div/(A^) is a good divisor. 



6 Zeta functions attached to divisors 

Let (p, /, A^) be a triple as in the introduction. Now we would like to associate to any 
divisor S G Divj(A^) and every pair (r, r) G Z//Z x K\Q two zeta functions. One can 
think of these zeta functions as being "twisted" by the divisor 6. 

Definition 6.1 Let 6 = J2d\N r&z/fz^i^^^)[^^''^] ^ Div/(A^) be a good divisor and let 
(r, r) G Z//Z x K\Q. We define ' 

(1) C(5,(r,r),5)= Yl n{d,j)d-'-a{rj,dT),s), 

d\N,j&/fZ 

(2) C(5,(r,r),.)= Yl ^(f'^') (f)'-^^^-"^'^^*)'^)' 

d\N,j&/fZ ^ / \ / 

wiere r* = and C is tiie zeta function which appears in (2) of Definition \4.2[ 

Remark 6.1 We would like to warn the reader about a typo in |Cha09dj . In (2) of 
Definition 5.4 of |Cha09dj one should replace the term c^q by {^Y- Also the definition of 
(1) above varies slightly from the definition which appears in Definition 5.4 of |Cha09dj and 
Definition 9.2 of |Cha] . This should not result in any inconsistency since all the statements 
that we will make in this paper concerning ({5, (r, r), s) will be proved without using any 
reference to the papers |Cha09d] and [Chaj . We note however that the special value at 
s = is independent of the chosen definition. 

Lemma 6.1 We have the following relations between the three types of zeta functions: 
(6.1) C(5,(r,r),.) = [eivr) : e{7^,,)]NX{S\ {r,T*), s). 

Proof This is a straightforward computation. □ 

In a similar way, one may associate a zeta function to a divisor 6 G Div/(DT). 

Definition 6.2 Let c be an invertible O-ideal which is f-int. For every divisor 6 = 
^j,|f^n(?), r)[^, r] G Divj(9T) we define 

Cj(c, foo, s) := Yl r)-N{drX {rc{^n'\ foo, s) . 

r)\%rez/fz 
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Remark 6.2 Assume that O = Ok and that is square-free. Set T = {rj : rjl^} and 
6 = ni=i([l] ~ ^i[Vi]) ^ Div(DT). Then in this case one has 

(6.2) C5(a,foo,s) = CR,T4Kifoo)/K,a,,s), 

where aa G Gf is the Frobenius at a and (r^t-^ {K {foe/ K)a~^ , s) is the zeta function which 
appears in (11. 5p and T°" = {77°" : 77 G T}. 

The next lemma relates special values at even negative integers of the zeta function which 
appears in (1) of Definition 16.11 with the one which appears in Definition 16.21 

Lemma 6.2 Assume that (r, r) G Z//Z x if^(OI). Let k G Z>i with k = l (mod 2). 
Then we have 

(6.3) 4/i(r, T)C^{rIr, foo, 1 - k) = N{fp'-''\{6* , (r, r), 1 - A;), 

wiere $(5) = 5 acd /i(r, r) is the positive rational number which appears in (I4.10p and Ir 
is the ideal attached to r which appears in Definition \3.1\ 

Proof Let 5 = J2d\N jez/fz''^(^' 3)1'^] ^ -Di'^/l^)- By definition of the application $ (see 
Definition 15. 2p we have 

$(5) = '^n{d,j) ^ and therefore $(5*) = '^n{d,j) [d] , 



d\N 



d\N 



where for all j G Z//Z and 0|9T one has that n{N{d),j) = n{D,j). Set a = r/^. By 
definition we have 

(6.4) C^(a,foo,.)= Yl n{d,j)N{d)-x(^,foo,s 
For every divisor one has that 

(6.5) C(j^,f,«^i,^) =c(^A.f,f,^i,s) =-^-^N(f)-f((r,dr),s), 

where the first equality follows from the fact that ^ = Adr, f A^ = A^^ and the second 
equality follows from Lemma 14.21 

Combining ( 16. 5 p and Lemma [4.11 one finds that for every odd integer k G Z>i 



(6.6) 4C y-^^rd. foo, l-kj= N(f)-^^-'=^C((r, rfr), 1 - fc). 

Finally, combining (16. 4p and (16. 6 P we find that 

4Cj(f/., foo, 1 - A;) = /.(r, r)^{^)-^^-^\{5\ (r, r), 1 - fc), 
where $(5) = 5. □ 
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Remark 6.3 Suppose that 6 G Div(D'I) is chosen so that p -k 6 = 6. Then a direct 
computation shows that 

(6-7) C5,{p}(ci, foo, s)= (^1- Csi^, foo, s). 

The subscript {p} means that we only sum over elements which are coprime to p. Assume 
that every prime divisor q|f is invertible (for example this is automatically satisfied when 
O is the maximal order). Then under this assumption, for all residue class r G Z//Z one 
has that (f, ra) is again (9-invertible. Then, in light of the identity (14. 5 p we see that the 
zeta function Cs {pji'^^ ^) be written in the following form 

(6.8) C5,{ri(a,foo,s)= n{^,r)NidrX{p} 

which is a linear combination of primitive zeta functions of conductor f for various divisors 
f If. In particular, it follows from the work of Deligne and Ribet (see |DR80j ) that the 
special values of Cs {p}i'^^ fo*^5 ^) negative even integers which are congruent to modulo 
2{p — 1) can be p-adically interpolated. We denote the corresponding p-adic zeta function 
by Clpi<^, foo,s). 



rad 



f 



(f,ra) (f,ra) 



oo, s 



7 Shintani zeta functions 



In this section we first recall the notion of a cone decomposition in the setting of a real 
quadratic number field. Then we introduce the so-called Shintani zeta function associated 
to the choice of such a cone decomposition. Recall that K comes equipped with a fixed 
embedding C M and that a : K ^ K denotes the non-trivial automorphism of K. Let 
L : K M."^ he the embedding given by x i— ?■ {x,x'^). Under l, every invertible (9-ideal 
a K may be viewed as a lattice in M^. For the rest of this section, we will view elements 
of K as elements of via l. Note that the group acts naturally on M? and that its 
subgroup = {x G : x ^ 0} acts naturally on the positive quadrant Q := M^q. 

Definition 7.1 For M.-linearly independent vectors vi, . . . ,Vr G Q Ci K (in our setting 
r < 2) we let 

C = C{vi ...^Vr) = <Y ^ Q '■ Ci ^ ^>0 

[ i=l 

We call C a Shintani cone of dimension r. We say that I) C Q is a Shintani set if it can be 
written finite disjoint union of Shintani cones. 

Let be a finite union of Shintani cones. One can show that W can always be written 
as a finite disjoint union of possibly smaller Shintani cones. Therefore is a Shintani set. 

Let O be an arbitrary order of K and let f = fO. Let (9(foo)^ = (e) where e is the 
unique generator such that e > 1. The group (9(foo)^ acts discretely on Q and admits a 
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fundamental domain (the existence of a fundamental in the setting of real quadratic field 
is obvious). It is convenient to define a privileged choice of a fundamental domain for the 
action of 0{foo)^ on Q, namely 

(7.1) := C(l,e) UC(1). 

Now we would like to extend slightly a key definition that was introduced in |Das08] . 
Definition 7.2 A prime Ox-ideal rj is called O-good for a Shintani cone C if 

(1) N(?7) is a rational prime i; 

(2) the cone C may be written C = C{vi, . . . ,Vr) such that for all i, Vi & O and Vi ^ 
(r/nC). 

In general we say that rj is O-good for a subset W Q if W may be written as a finite 
disjoint union of Shintani cones W = [J-Ci such that rj is O-good for each Ci. 

Remark 7.1 Let f = fOx- Then any prime O^-ideal rj of degree 1 is (9/^-good for 
the canonical fundamental domain D^". Suppose that 7] is OA'-good for a Shintani cone 
C = C{vi,V2) where vi,V2 € Ok and vi,V2 ^ rj. Let / = N(?7). Then if n is a positive 
integer coprime to / we readily see that nt>i,nt>2 G C„ and nvi,nv2 ^ rjn = {On H 77). In 
particular, 77 is C„-good for the Shintani cone C. 

Definition 7.3 A finite set of places T of K is said to be O-good for a Shintani set 
V if D can be written as a finite disjoint union of Shintani cones V = [jCi such that for 
each cone Ci there are at least two primes in T of different residue characteristic which are 
O-good for Ci or one prime t] E T which is O-good for Ci and has absolute ramification 
<l - 2 where I = N{r]). 

For the rest of the section we fix an order O of K and an (9-integral ideal f. 

Definition 7.4 Let W ^ Q be an arbitrary subset, c be an invertible O -ideal and let 
X E K. For complex numbers s such that 3ft(s) > 1 we define 

(7-2) C(c,f,a;,iy,.):=N(c)-^ T^s' 

For A G and 3?(s) > 1 one has the formula 

(7.3) N(A)-^C(c, f, X, W, s) = C(A-ic, f, Ax, XW, s). 

In general, for an arbitrary subset W ^ Q the function C(c, f, x, W, s) will not admit a 
meromorphic continuation to all of C. However, there is an important special case where 
it does namely in the case where is a Shintani cone. 
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Proposition 7.1 (Shintani) Let C be a Shintani cone. Then the function ({c, f, x, C, s) 
admits a meromorphic to all of C. Moreover, if k G Z>i, the special value ({c, f, x,C,l — k) 
is a rational number. 

Proof This follows from Proposition 1 of |Slii76] . □ 
Let = [J. Ci (disjoint union) be a Shintani domain. Since 

C(c, f, X, W,s) = Y^ C(c, f, X, d, s), 

i 

we see that Proposition 17.11 continues to hold for such W . In particular, Proposition 17.11 
holds true with W = T) where V is any fundamental domain for the action of (9(foo)^ on 

Q. 

Definition 7.5 We say that a meromorphic function f{s) on the complex plane is a 
Shintani zeta function (for the real quadratic field K) if there exist quantities c,f K, 
X E K and a Shintani set W such that f{s) = ({c, f, x, W, s). 

7.1 Q- valued distributions on 

In this subsection, we want to define Q-valued distributions on Ok using special values at 
s = of Shintani zeta functions. Let {p, /, A^) be a triple as in the introduction and let 
91 = ni=i where DIDT^ = NOk- For the rest of the section we fix an order O and we 
let f = fO. 

From now on, for an arbitrary compact-open set U C and an arbitrary subset 

W C Q the notation W r\U is taken to mean IV fl (f/ fl K). The next proposition is an 
easy corollary of Proposition 17.11 

Proposition 7.2 Let W be a finite union of Shintani cones and let U C Ok,, be a 
compact open set. Then the function 

C(c,f,a;,iynt/,s), 

admits a meromorphic continuation to all of C and its special values at negative integers 
are rational numbers. 

Proof Note that (c^^f + x)nU may be written as 

(c-'f + x)nU = [jib-'f + y,), 

i 

where the union is finite and disjoint, b is a suitable invertible (9-ideal and tji G K. It thus 
follows that 

C(c,f,x,wn[/,s) = ^C(b,f,i/.,w,s). 

i 

This concludes the proof. □ 
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Definition 7.6 Let W Q be an arbitrary subset and let 
For an invertible O-ideal c and \ E K we define 

Definition 7.7 Let 6 G Divj(9'I) and let W be a Gnite union of Shintani cones. We 
define a Q-valued distribution on Oxp by the rule 

(7.4) u^c^{c,f,x,wnu,o), 

where U is an arbitrary compact open set of Oxp ■ 

Remark 7.2 In the case where c is an integral Ok ideal coprime to fOx, S = YVi=ii^~ 
li[rii]), X = 1 and D is a Shintani set one has 

Qic,f,x,VnU,0) = u{c,V,U), 

where z/(c, "D,-) is the measure defined on the line (20) of [DasOSj . 

Proposition 7.3 Let A G K^, x & K and let a and b be two invertible O-ideals. Let 
W be a Shintani domain. Then the following two formulas hold: 

(1) CM^,fb,x,W,0) = Csia,f,x,W), 

(2) Csi^, f,x,Wn U, 0) = Csi^-^a, f, Ax, X{W nu),o). 

Proof This a straightforward computation. □ 

Proposition 7.4 Let V be a fundamental domain for the action of Ok (foo)^ on the 
positive quadrant Q and let c be an invertible O-ideal which is f-int. Then we have 

(7.5) (^(c, f, n„ VnOK,,0) = Cj(c, foo, 0), 

where Q{c, foo, s) is the zeta function which appears in Definition \6.2\ and is an integer 
chosen as in Definition 14.41 Moreover, if p-k 6 = 6 then 

(7.6) (sic, f, n„ V n Ol^, 0) = (^^^^(c, foo, 0) = 0. 

The subscript {p} of Cj{p} means that one restricts the sum over elements coprime to p. 
Proof The proof of 07.51) is straightforward and (17. 6p follows from (16. 7p . □ 
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Let T be the set of all places of K which divide ^Tt. For technical reasons we will assume 
until the end of the section that (cond((9), A^) = 1. Therefore if ?7o G T = {r/lOT} it gives 
rise to a discrete valuation on O which we denote by t'^g . We can now state a variant of a 
key proposition that was proved in |Das08] : 

Proposition 7.5 Let C he a Shintani cone of dimension m and assume that there 
exists f] & T which is O-good for C . Let a be an invertible O-ideal which is f-int and such 
that Vriia) < 0. Let I = [O : r]] and let y E K. Then 

aa,f,y,C,0) - iaar]-\f,y,C,0) e Z[}], 

where the denominator is at most /™-/('~^). 

Proof We follow closely a part of the proof of Proposition 6.1 of |Das08] . Let r]' = rjnO. 
Since t] is O-good for C we may write C = C{vi, . . . ,Vr) with Vi E O and Vi ^ r]'. We claim 
that we can always find a positive integer rij > 1 such that UiVi G a~^f but UiVi ^ a'^frj' . 
Let us prove this. Since Wr,(a) < 0, we may write a = - where m and n are invertible 
integral C-ideals and Vrj{m) = 0. Note that = nm~^f 3 nf. Let Ui be a positive integer 
such that riiVi G nf and such that Vrj{ni) = Vrj{n) (such an integer rii exists since Vt ^ O). 
Since Vrj{vi) = f,,(m) = Vr^^f) = we see that riiVi ^ CL~^fv'- So this proves our claim. 
Therefore, without loss of generality, we may assume that Vi G a^^f and Vi ^ a~^fr]'. 

Any element a G C may be written uniquely as a = Y7i=ii^i + for real numbers 
< Xi < 1 and non-negative integers Zi. Since Vi G a^^f, the element a lie in a^^f + y if 
and only if ^ XiVi does. Thus if we let 

fi(c, y,v) = {x E c + y : X = XiVi with < Xi < 1}, 

then 

C(a,f,|/,C,s)= Yl n(^(x, + 2;,k) 

a;6Sl(a-if,j/,ti) zi,...,Zr=0 

One has ({a, f, y, C, s) = Z{a^^f, y, C, s) where 

(7.7) Z{b,y,C,s)= Yl N(«)"'' 

ae(fa+i/)nc 

is the zeta function which appears on line (69) of |Das08] . From this point the rest of the 
argument is identical to the end of the proof of Proposition 6.1 of [DasOS] . so we skip it. 

□ 

7.2 Q-valued distributions on 

In this subsection we want define Q-valued distributions on by using the distributions 
constructed in the previous section on Oxp- For every pair of integers {u,v) and for every 
non-negative integer n we let 

(7.8) Uu,.,n = {{x, y)eZl: {x, y) = {u, v) (mod p^)}, 



31 



be the ball of radius ^ centered at {u,v). We denote the set of all balls of by B. We 
note that a distribution on is completely determined by its values on elements of B since 
the set ;B is a basis for the topology of Z^. There is a right action of GL2{'Lp) on which 
is given by the following rule 

[x ^^^ = {dx-hy -ex + ay ) , 

where ^ ^ ^ ^ G'-^2(^p) and ( x y ) G Z^. We have chosen this action in agreement 

with (14. 3p . We thus obtain a right action of GL2{'Lp) on i3 which is given on balls by the 
rule 

(7.9) {Uu,v ,71)'^ T U(lu—bv,—cu+av,ny 

where 7 = ^ ^ d ^ ^ G'L2(Zp) and G ^B. We note that the right action in (17.91) 

may be written in terms of the usual left action of GL2(Zp) on Z^ namely 

where for a matrix ^7 = ^ ^ ) ^ GLiiZp), rjUu,v,n ■= Uau+b v,cu+dv • 

The space of Q- valued distributions on Z^, which we denote by Dist{'Zjp,Q), has an 
induced right action by GL2(Zp). For a distribution /i G Dist{Zp,Q) and an element 
7 G GL2(Zp) we define the ng'/ii j-twist of /i by the rule 

(7.10) ^,^(U):=fxim^-')=fxi^U). 

We also endow the space of rational binary quadratic forms with a left action of GL2 
by the rule 

(7.11) ^Q{x,y):=Q{{x y ) t) for 7=(^ d) ^ 
We want to define a Q-valued distribution on Z^ using the distribution which appears 



in Definition 17. 7[ In order to do so we need to choose an identification of Z^ with Ok„- 



Definition 7.8 For every r G K\Q, we deGne an injective map 

0, : Zj ^ Kp 
{x,y) ^ X- yr". 

Note that in general, the image (pr is not necessarily equal to Oxp- We say that an element 
r G Tip DK is reduced if for j = 0, . . . , p — 1, |r — j |p > 1 and | ^ | > 1. When r is reduced, 
it is easy to see that the map (pr gives an isomorphism between Z^ and Oxp- 
We note that 

(7.12) M-fU) = i-cr'^ + a)0^-v(f/). 

We are now ready to define Q-valued distributions on X. 
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Definition 7.9 Let t G "Hp fl K where r is reduced and let W be a Shintani set. Let 
X ^ K and let a be a fractional ideal. For every divisor 6 G Divj(DT) we define tlie following 
Q- valued distribution on Z^; 

U ^ ly^ia, T, X, W){U) := (^{a, f,x,Wn MU), 0), 
for U an arbitrary compact-open set ofL^. 
The next lemma will play a key role later on 

Lemma 7.1 Let r G A'\Q and x G . Suppose tliat 7 = ^ ^ d ^ ^ GL2{Z) and 
that —ct" + a ^ 0. Then we have 

v2{Ir, r, X, W) = 7r, {-cr'^ + a)-'x, {-cr'^ + a)-'W). 

Proof This is a straightforward computation. □ 



8 Z- valued measures on X 

In |Cha09dj , a family of Z- valued measures Jls (see Definition 18.11 below) on X was con- 
structed using periods of Eisenstein series. Here X = Zp x Zp\(j>Zp x pZp) denotes the set 
of primitive vectors of Z^. The author defined the p-invariant uc as a certain multiplicative 
integral on the space X which involves the measure Jls- In a similar way, the invariant un is 
defined as p-adic multiplicative integral on the space which involves the measure of 
Definition 17. 9[ In Section [9], precise definitions of uc and ud are given. The key ingredient 
that allows us to relate the invariant uc to the invariant ud are explicit formulas of the 
measures Jls and u-^ on balls of X. 

Definition 8.1 Assume that 0' is consecutive to d and let i] = j, I = N(?7), d = N(0) 
and d! = Id. Let us fix an integer I < j < f and let 

S=^[d,j]-^[d',j]eBWf{N). 

Let CO = ^ be the standard cusp at infinity and ^ G ro(/A^){oo}. For every ball Uu,v,s ^ 
we define 



'3„EMf('v*7)-^)Mi('*M 

— — fd' 



12 



where Bi(x) = {x} — | + ^^j^, < {x} < 1 denotes the fractional part of a real number x 
and Iz(a^) stands for the characteristic function ofL. 
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Remark 8.1 The expression which appears on the right hand side of (18. ip is a special 
case of Dedekinds sums that have been considered in [Hal85] . 



Using Lemma [5.11 we first extend by linearity, the definition of /I^ {oo — ?■ ^} to any divisor 
S e Div^(N)j. In a second step, we extend the definition of Jls {oo ^} to all 5 e Div/(A^) 
which satisfies (1) of Definition 15.11 

The next proposition justifies the previous definition. 

Proposition 8.1 Let 6 G Div/(A^) be a good divisor for the triple {p, /, A^). Then the 
assignment Uu,v,s /I^ { oo — )■ ^ } {Uu,v,s) gives rise to a Z-valued measure on X with total 
measure zero, i.e., Jis^ {oo -t- ^} (X) = 0. 

Proof See Proposition 14.1 in |Cha07] . □ 

In the next subsection we will give a different proof of Proposition 18.11 by relating the 
measure Jls to the measure u-^. 

It will be convenient to rewrite (18. ip in a different way. Every element I < h < may 
be written uniquely as /i = -^r + h' for some < r < / — 1 and 1 < h' < We have 

^.S/'fe('-^7)-")Mi('-^7)) 

where the first equality follows from the distribution relation X]j=o Bi{x+ j) = Bi{lx) and 

that Bi{x + 1) = Bi{x). The second equality follows from the definition of h. We may thus 
rewrite (18. ip as 

Remark 8.2 Let / = 1 and let 6 G Divf{N) = Divf{N) be a fixed good divisor for the 
triple (p, /, A^). One may verify that the right hand side of (18.21) coincides with the measure 
which appears in Proposition 3.2 of |Das07] . In particular, since in this special case the 
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p-adic measures which are used to define udd and uc agree one gets that UDD^Ois^T) = 
M(7_5(l,r). We would hke to point out here that the factor 12 which appears in the right 
hand side of lS.ll is not optimaL It will follow from Proposition 18 .41 that under the additional 
assumption that I > 5 one has that ^Jls {oo ^ ^} {Uu,v,s) is an integer. This fact was used 
by Dasgupta in |Das08] in the following case: let iV = / be a prime and set 5 = [I] — [1]. 
Looking at the right hand side of (18.21) one may check that ^Jls (oo — j- ^} {Uu,v,s) coincides 
with the measure which appears on line (82) of |Das08] . 

8.1 Explicit formulas of z/^(b, r, x, C) on balls of X 

In this subsection we give explicit formulas of the measure i^g{b, r, x, C) (see Definition 17. 9p 
when evaluated on balls of X. Let {p, f, N) be a triple as in the introduction, f = fO and 
let e > 1 be a generator of C(foo)^. 

Proposition 8.2 Assume that d' is consecutive to d and let rj = ^, I = N(77), d = N(0) 
and d! = Id. Set 

S = d[^-d'[0']. 

Note that deg{6) = 0. Let Uu,v,n be a ball contained in X and assume that u = v = 
(mod /). Let x = xi + X2T with e Z and let C = C(l, e) where e > 1 is a generator of 
C(fcxD)^. Let he T & K\Q and suppose G iJ*-^(9T) and set b = Ir- Then we have the 
following formula: 

(8.3) i^sib,T,x,C) {Uu,.,n) = Yl Bl{y,{h))[dBl {ly^ih)) - d'Bl (y^ih))], 

h (mod d'c) 

where 

Here Bl{y) = y' — \ where y' is the unique real number < y' < 1 such that y — y' E Ij. 

Proof We will prove Proposition 18.21 under the simplifying assumption that p = 1 (mod /) 
since it simplifies the presentation. It is easy to adapt the proof to the general case since 
it only amounts to taking a "trace" over the subgroup {p (mod /)) of (Z//Z)^. Note that 

(l)T{Uu,v,n) =U-VT+ P^Ok^. 

Using the assumptions that p = 1 (mod /), (b,p) = 1 and that u = v = (mod /) we 
readily see that 

(b'^r/ + x)n MUu,v,n) = b-'rfp'' + U-VT+ p"(a;i + X2t). 



-— +^) 

V_ X2\ 



U Xi 

Jd^ ^ Jdf 
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We have b ^ = Ar- Since ^ G H'~'{^) we may deduce from (13. 3p that 

(8.4) b-^d'' = dZ + TZ and b'^d'y = d'Z + tZ. 
Thus 

b"ir)>"/ = + p'^fNrZ. 

Let = ^ ci' ^ ^ ro(^)- Make the crucial observation that (a, fN) = 1. Note 

that 1 < e = CT + d and thus = — cr + a where < < 1. 
Let m = cond((9) = 1 where (m, A^) = 1. Set 

wi = d! fp"" and W2 = d'fp^e~^. 

For z G {1, 2} we have 

^Gb-Vp"/ but ^^b"^(0')W, 
as required. Unfolding the definition of i^g{b, r, x, C) (?/«,„,«) we find that 

,v,n } 

(8.5) = dZ{b~^dfp'', U-VT + p'^x, w, 0) - d' Z{b'\d'y fp"", u - vt + 0), 

where Z(a, ?/,ty,s) is the function which appears in (17. 7p . Applying the formula which 
appears in (77) of |Das08j to the right hand side of (18. 5p we obtain 

,v,n J 

(8.6) 

= d B,{y,)B,{y,)-d' ^ B,{y[)B,{y',). 

Using (18.41) we find that b^^d'^fp^ is the set of elements of the form 

hfp''T + jfp''d for h,] G Z. 

Now consider the system of linear equations (in the ?/j's) 

/ip"7iVr + jfp^d + U-VT + p"(xi + X2t) = yiid'fp'^) + y2d'fp"e-\ 
Solving the system we find 



d'c V /P" / 
j u xi a / V X2 
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For each residue class modulo d'c, there exists a unique integer h in that class such that 
< ^2 ^ 1- For this fixed /i, and each possible residue class modulo /, there exists a unique 
integer j in that class such that < < 1. Thus the first summation in (18 .6^ equals 



j (mod I) h (mod d'c) 



— ( h - — + —\ + - + ^ + — ^ B* ( —( h ~ — - — 
d'c\ fp- f J I fd'p- ^ fd'J ' \d'c V /P" / 



Now every element < /?, < ^ — 1 can be written uniquely as h = ^r + s with < r < / — 1 



and < s < f - 1. Thus 



may be written as 



r s 1/ V ^2\\ v;^ u* ( ^ f 



j (mod /) 



U 



Xi 



fp^ fj I fd'p^ fd' 



Using the distribution relation Y^jLo ^li^ + m) ~ Bl{mx) for m = I and the fact that 
B*{x + 1) = B*{x) we may rewrite the expression above as 



«9) E Bl(^[h 

h (mod d'c) ^ ^ 



fr f 



- + -]]BU-[h 



U Xi 
+ 



So this computes the first summation of 
that the second summation in fl8.6p is equal to 



d'c V fp'' f J fd'p"" fd' , 
A similar calculation to what we did shows 



h (mod d'c) ^ ^ 



fp'' f 



U Xi 

+ 



fp- fJ fd'p- fd' 



(mod d'c) 

This shows fl8.3p and therefore it concludes the proof. □ 

Proposition 8.3 We use the same notation as in the previous proposition. Let 



S = d[d,j]-d'[d',j] and 5 = ^{5) = d 



N 

7 



d' 



N 



Let T G H^{m) and set b = IfNr- Note that ^ G H^{m). Let 7 
and dehne 



-pN^ 
-fN 



(8.11) aUu,.,n) := l2u2{bJNTjNT,C)iUu,,,n)-Jls{oO ^ ^} {Uu,r,n). 

Then for every ball Uu^v,n ^ X one has |^(f/«,t,,n) £ ^ and 



(8.12) 
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Proof Using (18. 3 P we find that 



12i/2(b,/iVr, /iVr,C)(?7„,,,„) 



V , J 



Using (18. ip one may check that the right hand side of the equahty above gives the same 
expression as /x^ { cx) — >■ ^ } {Uu,v,n), except that one evaluates Bi rather than Bl. Once this 
observation is made, the proof of (I8.12p is elementary. The complete proof may be found 
in Appendix O □ 



We can now give a new proof of Proposition 18.11 
Proposition 8.4 Let 

6 = d[d,j]-d'[0',3] and 5 = ^(5) = d 

Then ■ /I5 |oo — )■ ^ j is a Z-vaiued measure where 



N 



d' 



N 



mi 



4 if 1 = 2 
3 if 1 = 3 
1 if l> 5. 



Proof From P rop osit ion 18 . 3 1 we see that it is enough to show that for every ball Uu^v,n ^ X 
one has 

m,-z/2(b,/iVr,/iVr,C)([/„,,,„) gZ. 
We may write (b~^f + z) in the following way: 



(8.13) 



{b-^f+z)nUu,,,n = [j{a-^ + 



Vi) 



1=1 



where a ^ = b ^fp", p = pOx and i/i G K. Since (fp,?7) = O and v^{b) < we again have 
u^(a) < 0. From (18.130 we get 



(8.14) 



C(b, f,z,cn [/„,,,„) = J2 C(a, f, y^, c, o). 



i=l 
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From this one gets that 

d 

(^(b, f, 2;, c n f/,,,,„, 0) = ^ (^(a, f, y^, c, 0). 

i=l 

From Proposition 17.51 we find that C,-^{a,^,yi,C,Q) E Z[j] with a denominator at most 
^m/{«-i)_ particular, if / > 3 we find that l/j; C*, 0) G Z. If / = 3 we have 

(g{a,f,yi,C,0) G |Z and if / = 2 we have (g{a,f,yi,C,0) G ^Z. This concludes the proof. 
□ 

9 The p-adic invariants uc and ud 

In this section we give the precise definitions of the p-adic invariants uc and u^,. We also 
recall two conjectures which predict that uc and ud are strong p-units in an appropriate 
abelian extension of K. Finally, we state conjectural Shimura reciprocity laws which give 
an analytic description of Gx^-^/k 011 and ud- For the rest of this section we fix a triple 
(p, /, A^) and an order O of conductor coprime to A^. We let = NOk be a splitting 

of and we let f = fO. Finally, we fix an element r G H'^{^). 

9.1 Definition of uc 

Let X = (Zp X Zp)\(pZp X pTjp) be the set of primitive vectors of Z^. Assume furthermore 
that r is reduced. Let 5 G Divj(A^) be a good divisor and let (r, r) G Z//Z x 

Definition 9.1 Then the formula for the p-adic invariant Uc\s{r, r) is given by 

(9.1) ucAr, r) := p3C*(<5,(nr),o) J _ ry)dJls^{oo ^ r]^oo}{x, y), 

Jx 

where the measure /I^^joo — ?■ r/rOo} is tiie one which appears in Definition \8.1[ the matrix 
rjj. is the one which appears in Definition I4.il and C*(5, (?", t), s) is the zeta function which 
appears in Definition 16'. il 

The multiplicative integral in fl9.ll) indicates that one considers a limit of "Riemann prod- 
ucts" rather than usual Riemann sums where the right hand side of (19.11) is taken to mean 

(9.2) /(x - Ty)dJlsAoo ^ 7rOo}(x,2/) := lim JJixu - ryurAoo^^rooUU) ^ ^x^ 

where W is a cover of X by disjoint compact open sets, {xu,yu) is an arbitrary point of 
U eU, and the p-adic limit is taken over increasingly fine covers 14. The product in (19.21) 
makes sense since the measures Jls^{oo — >■ 700} is Z- valued and not only Zp-valued, thanks 
to Proposition 18. 4[ The appellation of p-adic invariant for uc{r, r) is appropriate in the 
light of the following proposition: 
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Proposition 9.1 Assume that (r, r) ~/ {r',T') then 

(9.3) uc,s{r,T) = uc,5{r',T') (mod /ip2_i). 

Proof See Theorem 1.2 of [ChaOQdj . □. 

Remark 9.1 As a consequence of relating the p-adic invariant uc to the p-adic invari- 
ant we will show that (19.31) continues to hold without the modulo /ip2_i. 

Using the fact that r is reduced and taking ordp on both sides of (19. ip one finds that 

(9.4) oTdp{ucAr,r)) = 3Q{S, (r,r),0). 

We let * be the involution on if (91) given by r i— r* = jj^- We note that * preserves 
the orientation of r in the sense that if r > r"" then r* > (t*)"^. However, the involution 
* does not preserve the stratification (13.61) since in general the order Or will be different 
from the order Or* ■ 

Now let us define an adelic action of Ck on uc- 

Definition 9.2 Let (r, r) G Z//Z x H^{m) and set b = rlr. Note that [b, bDl] G 
£^(91). Let us denote the class of [b, bOI] in £^(01)/ -/ by [[b, bOI]]. Let c e Ck and let 
c-k [[b, b91]] = [[a, a9T]] where -k is the action which appears in Definition \3.5\ For c G Ck 
we define 

c-kUc{r,T) := UD{r',T'), 
where (r', r') G Z//Z x if^(DT) is such that 

(9.5) e{a)rlr* r^fvlr'*. 

Here O : loif) ~^ ^o*if) Is the map which appears in Proposition \2.1\ where O* = Or*. 

We would like to point out here that the existence of a pair (r', r') G Z//Z x if ^(91) such 
that (19.51) holds is guaranteed by Corollary 19.1 [ 

Conjecture 9.1 Let [(r, r)] G (Z//Z, x H'^{'*yi))/ and assume that r is reduced. 
Let O = Or, f = fO, p = pOk and L = ir(foo)^'^*=^ Then uc{r, r) is a strong p-unit in L. 
Let rec : Ck GK^b /k be the reciprocity map given by class field theory. Let c G Ck be 
an idele of K and let rec{c) = a G Gal(i^'^^/i^). Then 

UC&i'^^rY ' = c-kUc&ir'^T'), 

where -k is the action which appears in Definition 19.21 

Remark 9.2 We would like to warn the reader that the statement of the Shimura 
reciprocity law for uc as it appears in Conjecture 4.1 of |Cha09d] is wrong (unless = 1 
(mod /)). For some additional information which motivate (19. 5 p see |Cha09bj . 
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9.2 Definition of ud 



We now want to describe Dasgupta's invariant m^- Let S be the set of places that contains 
the infinite places oi K, p = pOx and the ones that ramify in K{foo). We let R = S\{p} 
and T = {r/lO'I}. Let 6 G Div(91) be a good divisor for the triple {p,f,N). Let us fix 
an order O of K such that (cond(0),A^) = 1. Let f C (9 be an arbitrary 0-ideal (not 
necessarily invertible) and let b C A' be an arbitrary invertible (9-ideals which is f-int. We 
also let P be a Shintani domain for the action of Tt,{f) (see Definition I4.4p on the positive 
quadrant Q = M|.o and make the crucial assumption that T is (9-good for V. 

Definition 9.3 Following IDasOS] , we define 
(9.6) u^^{b,V) :=pf?(Moo,o) / z.du{b,V)iz), 

where z/(b, 'D){U) = (si^y fy '^bi 'Dr\U,0) and (si^y foO; •s) is the zeta function which appears 
in Definition \6.2[ For the definition of the multiplicative integral which appears in (19.61) 
see Section 3 of JDasOSf 

Remark 9.3 We note that (19.61) was defined in [Das08] when O = Ok, b is an C^-ideal 
coprime to f = /Ok and 

6= Yl (-lpN(0)[c),r]eDh;^(aT), 

D\%reZ/fZ 

where square-free. We note that in this special case one has Ti,{f) = Oxifoo)^. 

The following key proposition was proved in [DasOSj . 

Proposition 9.2 Let V and V be two Shintani domains for the action of 0{foo)^ on 
Q. Assume that there exists a prime ?7|9T which is O-good for T) and V . Suppose also that 
cTf, = cTb'. Then 

Proof All the proofs in Section 5 of |Das08j carry over mutatis mutandis to our more 
general setting. □ 

Definition 9.4 Let V be a fundamental domain for the action of O{foo)^ on Q. As- 
sume that there exists a prime r]\^ which is O-good for T). We set 

We say that Uj^ j(b, f) is primitive of conductor [O, q] if the pair [b, f] is primitive of con- 
ductor [0,q] (resp. non-primitive) if the pair [b,f] is primitive of conductor [0,q] (resp. 
non-primitive ) . 

Now let us define an adelic action of Ck on ud- 
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Definition 9.5 Let b be an invertible O -ideal which is f-int and let c G Ck- Note 
that [b, bm\ G £^(01). Let us denote the class of [b, bOT] in £^(01)/ ~f by [[b, b9T]] and let 
c-k [[b, bDl]] = [[a, aDl]] wiere -k is the action which appears in Definition 13.51 We define 

c*M£,(b,f) := MD(a,f)- 

We may now state the main algebraicity conjecture on the p-adic invariant ud and the 
its corresponding Shimura reciprocity formula. 

Conjecture 9.2 Let b be an invertible O-ideal which is f-int. Let n be an invertible 
O-ideal such that 

ra(f) D 0(noo)\ 

Then j(b,f) is a strong p-unit in K{nooY'^^K Let rec : Ck G^o-b/K be the reciprocity 
map given by class field theory. Let c G Ck be an idele of K and let rec{c) = a G 
Gal{K''^/K). Then 

«D,5(^f)" ' = C'ku^s{b,f). 

Remark 9.4 If b is an integral invertible (9-ideal then one has that T^if) ^ 0{foo)^ 
and therefore, Conjecture 19. 21 predicts that j(b,f) G -R'(foo)^°''^^ Now let us assume that 
the pair [b, f] is primitive of conductor [O, g]. In this case, there exists a A G such that 
(Ab, Af) = O and Af = g so that 

ra(f) = r,a(s)5 0(0oo)\ 

Therefore, Conjecture 19.21 predicts that 

u^/b,f)eKiQooY'^^K 

Remark 9.5 In general, the author thinks that the following strengthening on the field 
of definition of U£){b,f) should hold true. So let b be an invertible (9-ideal which is f-int 
and suppose that 

^a(f)^o'(n'oo)^ 

where O' is some order and n' is an invertible O'-ideal. Then the author expects that 
UD{b,f)eK{n'). 

9.3 Relation between uc and ujj 

The next proposition gives a relationship between the invariant uc to the invariant uo- 

Proposition 9.3 Let (r^r) G Z//Z x H^{^) and let 6 = $(5) be a good divisor for 
the triple {p, /, A^) . Then we have 

(9.7) ucAr,rr^'''^^=u^^^{¥U,,rr, 
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where f* = fOr- and 

(9.8) u{r,T):={[e{r,r):e{r^r'mr,T*))-\ 

where ^{r,T*) is the rational number which appears in (14.101) . Moreover, the Shinmra 
reciprocity law for uc agrees with the one for u d ■ 

Proof From Lemma 15.11 it is enough to prove (19.71) for 

5 = (c/[^] - c/'[0']) where d = N(()) and d' = N(c)'), 

where D' consecutive to D. We have 

C(5, (r,r),0) = [eivr) : e(r/.*)]C(^*, (r, r*), 0) = 4/i(r, r*)C5(fA.*A.., foo, 0), 

where the first equahty follows from Lemma 16.11 and the second equality follows from 
Lemma [6.31 Using (19. 4p with the equality above we find that 

z/(r,r) ■ Vp{uc,5ir,T)) = 12 ■ Vp^u^ jirA-r^A^*,!))). 

This proves that the p-adic valuation on both sides of (19.71) are equal. Therefore it remains 
to show that the multiplicative integrals on both sides of (19. 7p agree. 

Let b = F/, and 7 = ''^ rnr ]■ For C = C(l) or C = C(e), we have 



-fN 

(9.9) iy2{bJNTjNT,C')i-U) = -v2{bJNTjNr,C'){U). 
From (19. 9p . we get that 

[x - fNTy)dul{b, fNr, fNr, C(l)) = / (x - Ty)du2{b, fNr, fNr, C{e)) = 1. 

Thus one has 

(9.10) j{x - fNTy)du2{b, fNr, fNr, C(e, 1)) = £{x - fNTy)du2{b, fNr, fNr, V). 

Let ^ (which depends of 5) be the measure which appears in Proposition 18.31 From (18.121) 
we deduce that 

(9.11) /e(x,z/) = l. 

Moreover, because t'j(b, fNr, fNr, C) has total measure we have 
(9.12) 

X- fNTy)du~,{bJNTjNT,C{l,e)){fx,y) = / {x - fNTy)du2{b, fNr, fNT,Cil,e)){x,y). 
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Combining IMJT\f and (ITOj) and flHH]) we find that 

y (x - fNTy)du^{b, fNr, fNr, C{e, l))(x, y)] = Ij {x - Ty)dfir{oo r/rOo}(x, y)\ 

Thus in order to show the multiphcative parts on both sides of (19 .yp agree, it is enough to 
show that 

(9.13) 

(x - fNry)dp~Ah, fNr, fNr, C{e, l))(a;, y) = J {x - T*y)diyr{b*, r*, 1, C(e, l))(x, y), 



where b* = and r* = -j^. 

fNr 

Applying Lemma 17.11 with the matrix 7 = f g ) we find that 



v2 (^b*, r\ 1, j^C{e, 1)^ = z/^(b, fNr, fNr, C(e, 1)). 
It thus follows that 

£{x - fNTy)dujib, fNr, fNr, C(e, l))(x, = £(x - r*y)di/^ (^b*, r*, 1, j^Cie, 1)^ (y, /iVx) 

= / {x-T*y)diy^{b*,T*,l,C{e,l)){x,y), 
Jx 

where the last equality follows from the independence on the choice of the fundamental 
domain and the fact that z/j- ^b*, r*, 1, jj^C{e, 1)^ {y, fNx) has total measure zero. This 
shows (l97[3il . 

Finally, the fact that the two Shimura reciprocity laws agree follows directly from their 
definitions. This concludes the proof. □ 

9.4 From K{f*oo) to i^^(foo) 

In this subsection we would like to show the equivalence between Conj ect ure 19.11 and Conjec- 
ture [92]when restricted to the p-adic invariant uc{r, r) for pairs (r, r) G Z//Z x H'^iVl, f) 
(we only impose the restriction [Ar, /) = 1 in order to simplify the presentation). It follows 
from Proposition 9.3 that one has 

(9.14) Mc(r,r)'^('■'^) = nz5(f/..,r)^^ 

and that the Shimura reciprocity law of uc is compatible with the Shimura reciprocity law 
of ud- Therefore the equivalence between the two conjectures will follow if we can show 
that the field of definition for uc{r, r) which is predicted by Conjecture 19. II agrees with the 
one predicted by Conjecture 19.21 
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Let (r, r) G Z//Zxi7^(9T). Then Conjecture I9.2l predicts that uoirlr*, f*) is a strong p- 
unit in i^(f oo)^'^'"^ where f = /Cr*- Now assume that r G //^(OT, /) so that cond(C^.) = 
/ ■ cond((9) and that r G (Z//Z)^. Under these assumptions we have that z/(r, r) = 1 and 
that K(foo) C A'(f*oo) C K{foo). Conjecture 19.11 when apphed to the left hand side of 
(19 .14^ . predicts that 

(9.15) Ucir,T) E KifooY^'^K 

On the other hand, Conjecture 19. 2[ when apphed to the right hand side of (I9.14p . only 
predicts, a priori, that 

(9.16) Uc{r,T) = UD{rh*,rr ^ i^(f oo)<'^->. 

In general i^(foo) ^ K{f*oo). Therefore it seems that Conj ecture 19.11 gives a finer statement 
than Conjecture 19.21 In the remainder of the section we prove the following: 

Proposition 9.4 Conjecture\9M^ f l9TT5|) . 

Let us explain our strategy of proof. The inclusions K{foo) C K{f*oo) C K^f'^oo) give 
rise to the two restriction maps 

(9.17) resi : Gal{K{foo)/K) GaA{K {f* oo) / K) , 

res2 : Gal{K {f oo) / K) Ga\{K (foo) / K) , 

which correspond to the two projections 

(9.18) Qi : /o(/)/Po,i(f oo) ^ V(/)/Po*,i(/oo), 

62 : /o(/)/Po,i(f oo) ^ Io{f)/PoAf oo). 

When T G H^{%f), we will show that (Po,i(/oo) n /o(/) (mod ~/)) = ker2{Q2) acts 
trivially on the class \rlr*] and therefore, from Conjecture l9.2[ this will mean that the action 
of Gal(K(f^oo)/-ft') on UDirIr*,D factors through Gal(-R'(foo)/-R'). Having this additional 
information, we thus see a postiori that Conjecture 19.21 implies the finer statement (I9.15j) . 

We want to prove the following: 

Proposition 9.5 Let O he an order of conductor coprime to f and let (r, r) G (Z//Z) ^ x 
H^{Vl,f). Denote the class of (r, r) modulo ~/ by [(r, r)]. Assume that {(r,t, rj)}jg/ is a 
complete set of representatives for the action of Co{f) on [(r, r)]. Let O* = Or*. Then 
{(rj, r*)} is a complete set of representatives for the action ofCo*{f) on [(r, r*)]. Moreover, 
the action of Co*{f) on [(r, r*)] factors through Co{f)- 

In order to prove the previous proposition we need to prove a lemma. 

Lemma 9.1 Let (r,r), (r', r') G Z//Z x H^{m). Then we have that (r, r) ~/ (r',r') 
if and only if (r', t*) (r, r'*). 
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Proof First note that since (r, /) = (F, /) and that 1 < t, r' < / one has that ^ is a unit 
modulo /. From the Proposition 13.11 we know that there exists a matrix 7 1 b 



TolfN) such that 7r = r' and d = r' (mod /). Therefore we have 

(8.19) (: :)(;)hcx+.)(;' 

We can rewrite (I9.19p in the following way 



c d 



T T \ T 



It thus follows that a + bfr* = (cr + (i)^ and we can thus rewrite f l9.20p as 
(9.21) { -f )(;-)=(-6/iVr.+a) 

From fl9.2ip we may deduce that 

Since ^ G ro(/iV) and ^ = 1 (mod /) we have 



-{-bfN{T*r + a)e {r'Ar^K*)-'! + 1. 



It thus follows that r'A^-th.^-* rAT-z.A.^'* and therefore from Proposition 13.11 we find that 
(r',r*)~/(r,r'*). □ 

Let us record the following useful corollary 

Corollary 9.1 Let [(r, r)] e (Z//Z)^ x H^{m)/ and iet 

Ca(/)-[(r,r)] = {[(r„r,)]W. 
be tie orbit of [(r, r)] under the action of Coif)- Then 

C^o*(/)-[(r,r)] = {[(r„r;)]W. 

Proof Without lost of generality, we may assume that the orbit Coif) ' [(^) ''")] is written 
as 

{[irij,ri)]}i(.ij(.j, 

so that if ^ I are such that (*,Tj) ~j (*,Ti') then z = i'. Assume that for i ^ i' and 
some G J one has that (rj,-, r*) ~/- (rj/,/, r-*). First note that := s is a unit modulo 

i'i' 
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/. From Lemma l9.ll we find that {riij/^Ti) ~/ {Tij^Tii). Multiplying the first coordinate 
by s we find that {rij,Ti) ~/ {srij,Ti/). In particular, this implies that i = i' and that 
there exists e G 0{oo)^ such that e = s (mod /). Now note that {rij,Ti) ~/ {srij,Ti') r^f 
{s'^ri'j',Ti') ~/ {ri'j',Ti'). Therefore we must have r^j = rj/j/. We thus conclude that the 
elements in the set {{rij,T*)}i^ij^j are inequivalent modulo ~/. Reversing this argument 
we see that this set gives a complete list of representatives modulo This concludes the 
proof. □ 



Proof of Proposition m] Let n = cond(C). Note that if r G H^{m, f) then Q^{x, y) = 
Ax'^ + Bxy + Cy'^ with {A, /) = 1 and B^—AAC = n^dK- Let [(r, r)] be the equivalence class 
of (r, r) modulo ~/. Since {A, f) = 1 and N\A we have Qr*{x,y) = sign{C){C pNx^ — 
Bfxy + ^y'^) so that cond(C,.) = fn. Let O* = Or* so that r* E if^*(OT). We let Bi, 82 
be as in f l9T7D and 61, §2 be as in (EH]). 

We note that for \0 G Po,i{foo) one has that 0i(AC) = XO* (we leave the proof of 
this fact as an exercise). We claim that 6i(A;er2(62)) "acts trivially" on the class [(r, r*)]. 
By acting trivially we mean that if XO G Po^i{foc) is such that Ar/^. G Icif) then 
[Ar/,-*] = \rlr*] where the brackets mean the class modulo ~/. Let XO G Po,i{foo) and 
assume that A G (rlr*)~^ f + 1. In particular one has that A G Qo,i{f'^) H (^-^r*)"^- We 
have that 



(9.22) (FJ.O-V + 1 = lAir^rf + 1 = 4 ( + ( ^^c^ ) Z ) + 1, 



and a direct computation shows that 

(9.23) Qo,i(/oo) n {rlr*)-' cl(^fZ+ z 

Combining^ ([922D and fl9:23|) we find that A G Qo,i(/oo) n (rlr*)~^ C (FJ^^'V + 1- 
Therefore 6i(/cer(62)) acts trivially on [(r, r*)] as claimed. 

Let {aj}ig/ be a complete set of representatives of loif) modulo i(/oo) and let 
i){[a.i\) = [iri,Ti)]. Note that {ri,Ti) G (Z//Z)^ x H^{mj). By assumption, for i ^ j we 
have [(rj,rj)] 7^/- [{rj,Tj)] and therefore [{r~'^,Ti)] 7^/ [{r^'^,Tj)]. Thus, using Lemma 19. II we 
deduce that for i j one has 

(9-24) Kr-\r:)]^f\ir-\T;)]. 
Now let Qni^, y) = A^x"^ + Bixy + Cj?/^, so that 

g.. (x, y) = sign(C,) [c.Nfx^ - BJxy + ^y' 

Now set 

bi = (¥Ar*Ar*)~\riAr'Ar'). 
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From Lemma l9.ll one has that {bjjjg/ are inequivalent invertible (9*-ideals modulo ~/. 
Moreover, as shown previously, for each i one has that 0i(A;er(O2)) acts trivially on [bj]. 
Now it is not so obvious but it turns out that in each class [bj] one may find a repre- 
sentative which is integral and coprime to f*. Thanks to Corollary 1 of |Cha09bj . this 
is indeed the case, therefore one may as well assume that each bj G Io*{f) and that 
biFA^.A,-* rjA^*A^*. It thus follows that the collection {bj}jg/ gives a complete set of 

representatives of Io*,i{f) modulo 0i(/cer(02)). Therefore {[(rj, r*)]}jg7 gives a complete 
set of representatives of [(r, r*)] under the action Co*{f)- Moreover, since 0i(fcer(02)) acts 
trivially on each class [(rj, r*)] we see that the action of Co- (/) factors through Co{f). This 
concludes the proof. □ 

10 Norm formulas for un 

In this section we first prove a product formula for the p-adic invariant ud which involve 
different orders of K. Second, we prove a non-trivial relationship between the p-adic in- 
variants Uo and u}j where is the "p-adic invariant un twisted by the the involution *" 
where * is the involution given by r i-)- jj^. Thirdly, we prove the main result of this 
paper (Theorem 110.11) which may be viewed as a precise version of Theorem 11.11 Finally, 
we end this section by proving Proposition 110.31 which corrects a mistake that appeared in 
[DasOSj . 

For the rest of this subsection we fix two orders O and O' of conductor coprime to A^, 
a splitting of A^ namely a factorization of NOk as DTOT'^, a good divisor 5 G Div/(9T). For 
the whole section, we suppress the divisor 5 from the notation. 

Proposition 10.1 Let b C (9 (resp. b' C O') be an invertible O-ideal (resp. an 
invertible O' -ideal). Let Q O (resp. g C O') be an O-ideal (resp. an O' ideal) which 
is not necessarily O-invertible (resp. O' -invertible) . Assume that b~^Q 3 b'~^Q', {[b~^Q : 
b'"^g'],pA^) = 1, that Ti,{Q) D Ti,'{g') and set e = [Tbid) : T^'ig')]. Assume furthermore 
that the following condition is satisfied: 

(t) For all X G b-^g (x ^ -1), {x + l)b' is g'-int and r(^.+i)a/(g') D ra/(g')- 

Let {A} be a complete set of representatives of b"^g/b'~^g' where each X is chosen to be 
totally positive and let fix = \ + 1. Then 

(10.1) UD{b,gY = l[uD{fixb',g')''\ 

X 

where the h\ 's are integers such that 

hx = [T,,,ig'):T,,ig')]. 

Moreover, (110.11) is compatible with the adelic action of Ck on ud which appears in Defi- 
nition 19.51 
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We note that by assumption b is g-int so that the left hand side of f llO.ip makes sense. 
Moreover, using ([f]) we find that fixi>' is g'-int so that the p-adic invariant appearing in 
the product of the right hand side of ( 110. ip makes sense. We would like to emphasize 
here that the left hand side of (110. ip is a p-adic invariant relative to the order O and that 
the right hand side of (110. ip is a product of p-adic invariants relative to the order O' . So 
when O O', (110. ip gives a non-trivial relationship between p-adic invariants associated 
to different orders. 

Remark 10.1 We note that since by assumption Tbi^Q) ^ ^b'is') it is expected (see 
Remark [975|l that the abelian extension generated by the uni^fixb', 0')'s over K contains the 
abelian extension generated by uoib,g) over K. 

Proof Using Lemma 15.11 it is enough to show the proposition for 

r£{p (mod /)) 

where 9' is consecutive to 0, 77 = ^, d = N(0) and d' = N(^'). First note that since b (resp. 
b') is an (9-integral ideal (resp. O'-integral) we have 

(10.2) rf,(s) = (b-^0 + i)no(oo)^ and 1^,(0') = (b'-V + l)nc'(oo)^ 

Let V = be the canonical fundamental domain for the action of 0{oo)^ on the positive 
quadrant Q. Using the assumption that (cond(0), A^) = 1, one may check that if r}\^ then 
rj is O-good for V. Let 

V = [jeV, 

where the set {e} is a complete set of representatives of (9(oo)^/ra(f). Note that V is 
a fundamental domain for the action of rt,(f) on the positive quadrant Q. One may also 
check that for every prime 77IDT, f] is (9-good for V. Finally, set 

(10.3) V' = [je'V, 

where {e'} is a complete set of representatives of Ti,{g)/Tii'{Q'). In a similar way, V is a 
fundamental domain for the action of rf,'(g') on Q and for every prime r/I^T, rj is O'-good 
for V. By assumption we have 

X 

where {A} is a complete set of totally positive representatives of b~^Q/b'~^Q' . 
For every e' we have 

e'V n (b-^0 + l) = \Je'Vn {b'-^g' + A + 1) 

A 

(10.4) = U /^A {^^-x'e'v n {{fixb'r'd' + 1)) , 

A 
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where fix = 1 + \ (note that fix since A ^ 0). Let U C be an arbitrary compact- 
open set. Using f ll0.4p . (110. 3p and the homogeneous property of the measure z/j, we may 
deduce that 

(10.5) Yl S' 1' ^'^)(^) = E '^?(/^^^'' 0'' 1' /^A 

e' A 

(10.6) = ^i/^/i,(/i,b',sM,/i^ip;)(/i^if/), 

A 

where is a fundamental domain for the action of r^^^Kfl') Q chosen so that 

where {ej(A)}j is a complete set of representatives of r^^(,/(g')/r(,'(g')- Moreover, we note 
that 7] is (9-good for the domain Here the /ia's are positive integers such that 

(10.7) hx = [T,,,iQ'):T,,{Q')]. 

If we take U = Ok^ in (110. 5p and we unfold the definition of z/j then we find 

(10.8) eC^(b, gcx), 0) = J2 ^xCsif^xb', s'oo, 0), 

A 

where e = [rb(s) : T^'id')]. Using (fTaSl) we find that 

eVp{uDib,Q)) = YhxVp{uDif^xb',g')). 

X 

We have an isomorphism ~ x O^^. Let us denote the projection on the z-th coordi- 
nate by TTj. From (110. 8p we get that TTi{uD{i>, qY) = iTi{Y[x^Dif^xb' , q'Y^). Thus in order 
to show (110. ip it remains to show that n2{uD{b, qY) coincides with 7r2([lx'^D{fJ'xb' , q'Y^)- 
Using the fact that p-k 6 = 6 one finds that 

z/j(b,0,l,P)(O^^) = CM(b,0oo,O) =0, 

and 

(10.9) iy^{fixb',Q',l,fi^^'V'){0^^) = CM(^Ab',g'oo,0) = 0. 

Now using the assumption that ([b^^g : b'^^Q'],pN) = 1 we may assume that the A's are 
chosen in such a way that the fix's are coprime to pN. So in particular, one has that 
pxC^K^ = ^Kp- Now make the crucial observation that rj is again (9-good for the cone 
fi-^^V (it uses {fix,N) = 1). We have 

d x-du^{fixb',Q,l,fi^^V'){fi^^x) = yl x ■ du^{fixb',g',l,fi^^V'){x) 

(10.10) =/ x-rfz/j(/iAb',0',l,I?')(x), 
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where the first equahty follows from (110.91) and the second follows from the independence 
on the choice of the fundamental domain. From (110. lOp and (110. 6p we deduce that 

(10.11) n / , ^ ■ ^^^(/^Ab', S, l,i2^'V'){fi^'x) = II 7r2(n^(/iAb', s')'^)- 



On the other hand, we also have 



Jjy ^ X ■ c/i/^(/iAb',0', l,/i^^I?')(/iA^a;) = JJ >^ ^ X ■ c/z/j(/iAb',0', l,/i;^^e'r')(/i^^x) 

= J]/ x-diy^{b,g,l,e'V){x) 

(10.12) =rr2iuD{b,gy). 

The first equality follows from (110. 3p . The second equality follows from (110. 5p . The third 
equality follows from the independence on the choice of the fundamental domain. Finally, 
combining fllO.UI) with fll0.12p we find that 

n2{uDib,gy) = 712 [\\uD{ii\b' ,g)^ 

This concludes the proof of (110. ip . 

Finally, it remains to show that (110. ip is compatible to the adelic action of Ck- To fix 
the idea, assume that C (9 (a similar argument works when this inclusion is reversed). 
Let n = cond(O) and let g = [O' : g']. Let 

71 -.Ck ^ Co{ng), 

be the natural map given by class field theory. We have natural surjective maps 

p : Coign) Coig) and p : Coign) Co'ig')- 

Let c G Ck, pic) = [c] and p'ic) = [c']. Without loss of generality we may assume that c 
and c' are chosen so that (c, b) = C, (c', b') = 0', cHO' = c', (c, g) = O and (c', g') = O' . 
Let {A} be a complete set of representatives of b^^g/b'^^g' such that A G c^^ so that 

(10.13) b-i0 = |J(b'"V + A). 

A 

Since every A G b~^g, we find, after intersecting both sides of the equality (110. ISp with c~^, 
that 

ibc)-'g = n ib-'g) = [jc-'n ib'-'g + A) = [jir' n ib'-'g') + A) 

A A 

(10.14) =U((cV)-V + A). 
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The first equality follows from cfl b = cb and the second equality follows from fllO.lSp . The 
third equality follows from the assumption that A G and the last equality follows from 
the assumption that cd O' = c' and (c', b') = O'. Now a direct computation shows that 

c^M£,(b,0) = n£,(cb,0) = JJnD(/iAc'b',0') = JJ nz)(/iAb', g'). 

A A 

The first and the third equalities follow from the definition of -k (see Definition 19. 5p . The 
second equality follows from (110.141) and the definition of ur,. This shows that the Shimura 
reciprocity law is compatible with the product (110. ip . This concludes the proof. □ 

Armed with Proposition 110. II we may now find a non-trivial relationship between the p- 
adic invariants ud and u*^ where u*jy is the "p-adic invariant uo twisted by the the involution 
*" where * is the involution given by r i— )■ jj^- 

Proposition 10.2 Let t e H^{m), f = fOr and f = fOr* where t* = fj^. Set 

(10.15) (b*)~^=A^. and b'^ = Afr*. 
Then 

(10.16) UD{b*,rr = llunifixb,f)''\ 

A 

where {A} is a complete set of totally positive representatives of (b*)~^/b"^, /ia = A/ + 1 
and the hx 's and e are as in Proposition \10.1[ Similarly, if one sets 

(10.17) b~^ = Ar and (b*)'^ = A/,. 
one has that 

(10.18) UDib,fr' = i[uDifix'b*,rt^', 

A' 

where {A'} is a complete set of totally positive representatives of b^^ / {b*)~^ , fix' = A'/ + 1 
and the hy 's and e' are as in Proposition \1U.11 

Proof First note that cond(C*) = /■cond(C), r* = G H'^'{m), ^ G //^(OT), b is f-int 
and b* is f-integral. We have (b*)"^ D b~^ and that lb*y^f*/b~^ ~ {b*y^/b^^ ~ Z//Z. 
Now make the following crucial observation: 

(1) The condition ([f]) is satisfied: namely, for all x G (b*)^^f* (x ^ —1) one has that 
(1 + x)b is f-int and that r(i+a;)(,(f) D ^b{f)- 

Now applying Proposition 110.11 we find that 

(10.19) un{b*,rr = llun{fixb,f)''\ 

A 

where fix = 1 + /A where {A} is a complete set of totally positive representatives of 
(b*)~^/b^^, e and hx's are chosen as in Proposition 110. ll This proves (110.160 . The proof 
of (110. ISp follows from (110. 16p by replacing r by r*. □ 
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We may now give a precise version of Theorem 11.11 that was stated at the end of the 
introduction. 

Theorem 10.1 Let (r, r) G Z//Z x H^{m) and set 

1 1 

where t* = and a is the non-trivial automorphism of Gal(AyQ). Let O* = Or*, 
f = fO and f = fO*. Then we have 



(10.20) Mc(r,r)-(^'-)^ = UD{b*,rY^' = llun{fixb,f) 



A 



where nx = 1 + /A, {A} being a complete set of totally positive representatives of (b*)^^ /b 
and z/(r, r) is the integer which appears in Proposition 19.31 and the h\ 's and e are as in 
Proposition \1U.1[ Moreover, we have that 

(10.21) un{b,fY'^' = llun{fix'b*,fT'' = J] ^ (n,,(b*, D^^.,,^ 

A' A' 

(10.22) =l[cx'^{uc{r,T*y'^^'-*^''^'), 

A' 

where /xa' = 1 + /A' and {A'} is a complete set of representatives of {fb~^) / {b*)~^ .Here 
Cx' e Ck is chosen so that n^cx') ~f* X'O*, where vr : Ck lo* / Po* ,i{f*) is the natural 
projection map. 

We would hke to emphasize here that the p-adic invariants uc{r, r) and uoifJ^xb, f)'s which 
appear in (110.201) are relative to the order O. Similarly, the p-adic invariants unifJ'xbyf) 
and uc{r, r*)'s which appear in (110.221) are relative to the order O*. 

Proof The first equality in (110. 20p follows from Proposition 19. 3[ The second equality fol- 
lows from ffnr^ follows from ffTITTB]) . The first equality in ffTim]) follows from (MIM 
and the second equality follows from the Shimura reciprocity law applied to u{b*,f*). Fi- 
nally (110. 22p follows from Proposition 19.31 and the compatibility of the Shimura reciprocity 
laws of Uc and U£,. This concludes the proof. □ 

We have the following corollary which may be viewed as a precise version of Theorem 

o 

Corollary 10.1 Let p G H'^^{^, /). If one sets t = p then one has that 

(10.23) Mc(r,r)'^(^'^) = J] ^^(/iAb, f)^'"\ 

A 

where the quantities b, f , px 3,nd hx are chosen as in (110.201) of Theorem \10.1[ In a similar 
way, if one sets t = p* := -j^, one has that 

(10.24) unib,fy^ = llcx'^uc{r,T*), 

A' 

where the quantities b,f, e' and cy are chosen as in (110.221) of Theorem \10.1[ 
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Proof First let Qp{x, y) = Ax^ + Bxy + Cy"^ (note that (A, /) = 1). Let us treat the first 
case, i.e., when r = p. We have 

(10.25) Qr* {x, y) = sign(C) [cfNx^ - Bfxy + ^y^ 

so that 



^' fCN 
From (110. 20p of Theorem 110.11 we get 

X 

Using f lTCT]) one may check that e = [ra*(f ) : rb(f)] = 1. This proves ([1023]) • 

Now let us treat the second case, i.e., when r = -r^- =: P*- Then in this case we have 
that Qr{x,y) = sign(C) [CpNx^ - Bfxy + ^y"^). Therefore, 

(10.27) Qr'{x,y) = Ax^ + Bxy + Cy'^. 

so that 

-B + v/S^ 



(10.28) r* 



A 
N 



Applying (110.221) of Theorem 110.11 with the previous parameters we find that 

^D(b,f)^2^' = n^A'^ (uc(r,r*)'^(^'-*)'^^') 

A' 

Using (110. 28p . a direct computation shows that for all A' one has that v{r,T*)h\i = 1. 
Moreover, one also have e' = 1. This concludes the proof of (110. 24p . □ 

Remark 10.2 In the special case where / = 1 and r G H^{m) we may deduce from 
(M^m that 
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(10.29) uc{l,r)=UD{Ir*,0) 

where r* = Here, note that I~} = A(^.)<t (for the definition of Ir see Definition I3.ip . 
Moreover, it follows from Remark 18.21 (or the computation carried in Appendix |B]) that 

(10.30) uc{l,T) = UDD{r). 
Combining (ITIOOl) with (HJim we deduce that 

(10.31) UD{Ir*,OY^ = UDD{r). 

It thus follows from ( 110. 3ip that the p-adic invariant u d (once his definition is extended to 
arbitrary orders as was done in Definition 19.41) may be viewed as a natural generalization 
of the Darmon-Dasgupta p-adic invariant udd with the subtlety that the appearance of 
r in the argument of is twisted by the Atkin-Lehner involution of level namely 



Nt 
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For the rest of the section we assume that / = 1 and we let cond O = n so that O = On 
where (n, A^) = 1. For every r G H^{^) we may consider the p-adic invariant 

ud{It*,OY^ = UDoir) = u{a5,T), 

where the first equahty follows from Remark 110.21 The p-adic invariant u{as, t) is the the 
Darmon-Dasgupta p-adic invariant constructed in [DD06j . Here 6 G Div(A^) is the fixed 
ambient divisor and as is the associated modular unit to 6 (see Appendix [B|. Conjecture 
19.11 implies that ud{It*,OY'^ G K{OnOo). Moreover, for every Cii:-ideal a C Ok we have 
a p-adic invariant ^^(a, n) where n = hOk- In a similar way, Conjecture 19.21 predicts that 
M£)(a, n) C Kiyioo). Since K{Ooo) C K{noo) it is natural to ask if a suitable product of 
p-adic invariants M_D(a, n)'s (where a here varies and n is fixed) is equal to ud{It*, OY"^. The 
proposition below gives a positive answer. Before stating it, let us make a few observations. 

Let T G if°^(DT,n). We thus have that Qr{x,y) = Ax^ + Bxy + Cy'^ with (A,n) = 1 
and dK = B'^- AAC. Set 

(10.32) b"^ = A„(^.). and (b')"^ = A(^*)., 



where t* = Note that 

Nt 



Qr* {x, y) = sign(C) (^CNx^ - Bxy + ^y^^ 



and that 



Q„^.(x, y) = sign(C) (^CNn'^x^ - Bnxy + ^y'^^ , 

so that End(A(^.)<T) = Ok and End(A„(^.)<T) = On- We may now state the proposition. 
Proposition 10.3 We have the following identity 

(10.33) UDilr'.OnT = UD{h,OnT = \{uD{^lxh\ uO K^' 



A 



where = 1 + \ and {A} is a complete set of representatives b ^/n(b 

hx = [Tf^.k'inOK) ■■ OKinoo^], 

and e = [C„(oo)^ : Ci<-(noo)^], i.e., e is the order of the image of a generator e„ of 0„(oo)^ 
inside the group (Z/nZ)^. 

Proof Apply Proposition 110.11 with the parameters O = On, O' = Ok, d = On and 
g' = uOk. □ 

Remark 10.3 We keep the same notation as in fll0.32p . We would like to point out a 
mistake which appears in Theorem 8.3 of |Das08] which claims that 

(10.34) UDD{h,Oni^ = l[uDi{a)b',nOKf, 
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where in the notation of |Das08] the p-adic invariant UDD{b,On)^ corresponds to the p- 
adic invariant u{a,T). For an explanation concerning the appearance of this 6-th root see 
Remark l8.2[ Here the product on the right hand side of (110.34^ goes over a complete set of 
representatives of positive integers {a} of (Z/nZ)^/ (e„) which are coprime to pnN. When 
n = 1, the formula (110.341) holds true and is (up to a 6-th root extraction) equivalent to 
(110.331) . However when n > 1 the formula (I10.34p differs from the formula (110.331) since the 
set {a} is strictly smaller than the set {A}. A complete set of totally positive representatives 
of b~^/n(b')~^ is given for example by {r}"^^. Note that U£){rb',n) = U£){^b',^) where 
n = nOx and (n, rb') = d. Since d is an O^^-ideal {Ok being the maximal order) it is 
automatically invertible. Therefore M£)(rb',n) is a primitive p-adic invariant of conductor 
^. Here the word primitive is used in the sense of Definition 19.41 It is thus essential to 
consider p-adic invariants which are primitive of conductor for various divisors d\n. Let 
us note that the right hand side of equation (85) in |Das08] is indeed the (conjectural) 
Gross-Stark p-unit of K{OnOo). However, the left hand side of equation (85) in |Das08j is 
a product of powers of Gross-Stark p-units for ring class fields of various conductors ^\n. 
The error is due to the discrepancy between the partial zeta-functions associated to ideal 
classes of the order On, namely 

(10.35) C(b',a,^i,3)=N(b')-^ iJ^'^^\is ^ 5J(.)>1, 

and the partial zeta-functions associated to the extension K{OnOo)/K, namely 

(10.36) Ub', a, ^1, s) = Nib')-' V i^.'^'y,,, , m > 1, 

^ |NK/Q(/i)|^ 



On(oo)x\{07^Meb'-i,(At,R)=l} 



where i? = {i^ is a place of K: When n > 1 the existence of invertible ideals of On 

that are not relatively prime to n, implies that (110. 36p differs from (110.351) . Since the 
Darmon-Dasgupta invariant u(a, r) was constructed from special values of (110.351) rather 
than (110.361) it explains the discrepancy between u{a,T) = M£)£)(b, (9„) s and the p-adic 
Gross-Sark p-unit of K{OnOo). 



A Special values of partial zeta functions and Das- 
gupta's refinement 

Let F be a totally real number field and let be a finite set of places of F which contains 
all the infinite places of F. Let f be an integral ideal of F and let M = F(foo) be the 
narrow ray class field of F of conductor f . For an ideal a of F we denote by aa G Gal(M/ F) 
the Frobenius at a. For any a G Gal(M/F) let 

(a,5)=l ^ ^ 
0-0=0- 
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It was proved by Siegel and Klingen that the special values at negative integers of Csio', s) 
are rational numbers (see [Kli62] and [Sie69] ). One of the main tool which is used to study 
these rational values is the so-called q-expansion principle (see |DR80j ) which says that for 
all integral ideals b coprime to f and all integers k > 1 one has 



(A.2) 



Cr{M/F, a,l-k)- N(b)'=Ci?(M/F, aa,, 1 - k) E Z 



LN(b) 



It follows from Theorem 2.4 of [Coa77] that the relation (]A.2p . when applied to all prime 
ideals b of M coprime to f, implies that 



(A.3) 



Wk{M/F)CRiM/F,a,l-k)EZ, 



where Wk{M/F) is the largest integer, say e, for which the abelian group Gal(M(/ie)/F) 
has an exponent which divides k. Here fie denotes the group of roots of unity of order e. 
In particular, wi{M/F) is just the group of roots of unity of M. Thus the denominator 
of the rational number CR{a, 1 — fc) is a divisor of Wk{M/F). It follows from (lA.2p that if 
rj E T then for all integers k > 1 one has 



Cs,T{M/F,a,l-k)EZ 



In particular, if T contains two primes of different residue characteristics then the special 
value (s,T{M/F,a, 1 — k) is an integer. Another sufficient condition which guarantees the 
integrality of (s,T{M/F,a, 1 — k) is to assume the existence of a prime rj E T such that 
{l,Wk{M/F)) = 1 where / = N(?7). This explains the raison d'etre of Assumption 11.21 

There is another key property of the special values (r{M/F, a,l — k) which plays a key 
role in the setting of p-adic Gross-Stark conjecture. Let r be a complex conjugation of 
M/F and let > 1 be an odd integer. Then 



(A.4) 



Cr{M/F, ar, l-k) = -Cr{M/F, a,l-k). 



For a proof of (1A.4P see for example p. 12 of [ChalOj . The identity (1A.4P forces additional 
restrictions on the type of global p-units which are predicted by the Strong Gross conjecture. 
Let us explain it. If a : M C is a complex embedding and u E Up one readily sees from 



the definition of Up that 



(A.5) 



u 



u 



where Too is the complex conjugation of C. In particular, we see from (IA.5|) that every 



complex conjugation of M acts by —1 on the multiplicative group Up. It thus follows that 
Up C LcM where Lcm stands for the largest CM subfield contained in M. Therefore if r 



is a complex conjugation of M/F then 
that 



Un 



T) 



which is in harmony with the fact 



(A.6) C/?,t(M/F, ar, 0) = -C«,t(M/F, a, 0), 

where ( IA.6P follows from ( ]A.4p and the definition of C,r^t{M / F^a, s). 
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It is possible to use (11. 7p of Conjecture 11.11 to get p-adic information about ut- For 
example, if the set of finite places of S consists exactly of the primes which divide fp then 
one may consider the tower of fields L„ = F(fp"oo) with n increasing. In this case, class 
field theory provides an isomorphism 

(A.7) recp : F^^/E,{f) 4 Gal(Loo/M), 

where L^o = Un-^"' -^p(f) denotes the group of totally positive p-units of F which are 
congruent to 1 modulo f and Ep{f) denotes its closure in . Let 

gr ■■= hmreCp"(MT) E GaA{L^/M), 

n 

where the transition maps are given by the restrictions. Then (II. 7p predicts that 
(A.8) rec-\gT) = UT (mod Ep(f)). 

In general the lip-Tank of -Ep(f) will be larger than one and therefore (lA.Sp does not provide 
an exact formula for ut- It is explained in |Das08j that by expanding the set S in an 
appropriate way one may gain more p-adic information about ut- In Section 5.4 of |Das08j . 
Dasgupta shows that by repeating this process indefinitely one can specify ut in F^ to any 
specified degree of p-adic accuracy. However there is a lack of explicitness in this process 
which makes it not very suitable for numerical computations. Also, even from a theoretical 
point of view, this process is not completely satisfactory since it is rather indirect. 

We would like to mention one more key result which follows from Lemma 5.17 of [Das08] 
and ( 1A.6P which is not stated explicitly in |Das08j . 



Proposition A.l (Dasgupta) Assume that M is linearly disjoint from F{(pm) for all 
m> 1. Let Too be a complex conjugation of M/F and suppose that c is an Ox-ideal of F 
such that o"c = Too- Then 

(A.9) UD{ac,f) = UD{a,f)-\ 

Even when M is not linearly disjoint from F{(pm) it is expected that (1A.9P holds. The 
author does not know of a proof of flA.Op which avoids the artificial process of enlarging 
the set of places S. It would be quite interesting to find a more direct proof of flA.9p . 



B A norm formula from uc to udd 

We now discuss the compatibility of our p-adic invariant with the one constructed by 
Darmon and Dasgupta. One can relate the modular unit considered in |Cha09dj with the 
modular units used in |DD06j . We have for any positive integer the identity 

N-l . 
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for some ( ^ jj^N where 



and 



N ' 

n>l 



24 

n>l 



where q = e^'^''^, r G "H = {x + i?/ G C : ?/ > 0}. Here B2{x) = B2{{x}) where B2{x) 
— X + I and < {x} < 1 denotes the fractional part of x. We note that 



T 



We can thus rewrite f IB.ip as 



N-l 



(B.2) n^(^,o)(^^^)'' = CA(r 



JV ' 

j=0 



for some ( G /U-at. 

As in |DD06j . choose a divisor 6 = J2d\N^d,[d] G Dw{N) such that 

^^nrf(i = and ^^71.^ = 0. 

To such a divisor Darmon and Dasgupta associate the modular unit 
(B.3) asir) :=^A(^/r)"^ 

d\N 

which is ro(A^)-invariant. More generally, to a divisor S = X]d|Af rez//z '^('^' '")['^' ''"] ^ 
Dwf{N) we associate the modular unit 



(B.4) Ps{z):= H g^r,o){fdT 



12n(d,r) 

I t \ I I \Ai I I 

d\N,r&Z/fZ 



If we set 6' = J2d\N r&z/fz''^(d^''^)[d^^] ^ DiVf{N) with n{d,r) = Ud for all r G Z//Z, then 
we readily see that 5' is a good divisor with respect to any prime number p. Using equation 
f|RT]l with N = f we find 

d\f,r€Z/fZ 

= ciiAidTr^ 

d 

(B.5) = (asir), 

for some ( & fif. 
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Let p be a prime number inert in K. Assume that (p, /, A^) satisfy the usual assumptions 
and let r G H'-'f{^,f) where Of stands for the unique order of conductor / of K. By 
definition of 6' and uc,<5'(l, t) we find that 

/-I 

uc,s'{l,r) = JjMc,5(r,r). 

Using (IB.Sp we deduce directly from the definitions of the p-adic invariants uc and udd 
(see [DD06] for the definition of unn) that 

Therefore it follows that 

/-I 

(B.6) Yl ^cA'^, t) = UDD,&{r). 

r=0 

Conjecture 2.14 of |DD06j predicts that udj:,s{t) G K{OfOo). Conjecture 19. II predicts that 
for each r G 1^/ fL, uc,5{r, r) is a strong p-unit of K{fOfOo). Now let us make the following 
additional assumption: 

Assumption B.l Let Ok = Z + cjZ and let e be the generator of (9x(/oo)^ such that 
e > 1. Assume that e = u + vfu with u,v E Z and {v, f) = 1. 

Note that u = 1 (mod /) and that e G Oj. Then we have the following proposition: 

Proposition B.l Coniecture \9.1\ and Assumption \B.1\ imply that for each d\f one has 
(B.7) H ucAr;r)eK{OfOo), 

0<r-</-l 
irj)=d 

where K{OfOo) stands for the narrow ring class field of K of conductor f. In particular, 
one has 

/-I 

(B.8) l[uc4r,T)eK{OfOo). 

r=0 

Proof The generalized ideal class group Iof{i)/Pof{oo) corresponds from class field theory 
to the narrow ring class field extension K{OfOo). Here 

^o,(oo) = |^O/:a,/3GO/,^»0 

and two ideals a, b G /o^ (l) are equivalent modulo Po^{oo) if and on if there exists XOf G 
Po j{oo) such that Aa = b. Similarly, one may define Iof{f)/Pof{foo) where 

Pa,(/oo) = !^^Of:a,f3e Of, {aOf, fOf) = {fiOf, fOf) = Of, ^ » o} • 
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One can show that the natural map 

(B.9) Ia,if)/Pof if oo) 4 Io,il)/Po,ioo) 

[a] ^ [a], 

is an isomorphism. In order to show that (IB. 71) hes in K{OfOo) it is enough to show that 
ker{res) acts trivially on the left hand side of ( IB. 71) where 

res ■ Gal{KU'OfOo)/K) GaX{K{0 foo) / K). 



Using class field theory and (IB.Qp one has that the restriction map above corresponds to 
the map 

TT : /o,(/)/Po,,i(/oo) ^ /o,(/)/Po,(/oo) 
[a] ^ [a]. 

Therefore the subgroup ker{res) corresponds to (Pc'^(/oo) n/c)^(/oo)) /Pof,i{foo). Let 
: lofif) -^0^2 (/) be the map given by a i— )■ a fl O/2. Using formula (19 .5^ we see that 
in order to show that (]B.7p is in K (Of 00) it is enough to show that the collection of ideal 



classes 

(B.IO) {¥Ir* (mod -/) : 1 < r < / and (r, /) = d} 

is stable as a set under the action of Q{Pof{f 00) (llofif 00)). A direct computation shows 
that 

Pof (/oo) n lof if 00) = {oiOf : a = a + bfu, a, 6 G Z, (a, /) = 1 and a ^ 0} . 

We note that if a = a + bfu and 6 = mod / then a + bfu G Of2. Moreover, one 
may check that Q{aOf) = aOp and therefore Q{aOf) is again a principal ideal. Now let 
aOf G Pof{foo)riIof{f 00). Then using Assumption IB . 1 1 one sees that it is always possible 
to multiply a by a suitable power of e so that e"^a := a' = a' + b'fu with b' = (mod /). 
It thus follows that 

e(Po^.(/oo) n/o^(/oo)) = {aOf2 : a = a + bfu,a,b eZ, {a, f) = landa>0}. 

Now let e be as in Assumption IB . 1 1 and note that e' = = u'+v' puj for m', f ' G Z, m' = 1 
(mod /) and {v' , /) = 1. Now let aOp G 6(Pc)^, (/oo)n/c)^(/oo)) where a = a + bpu. In a 
similar way to what we did previously we see that we may multiply a by a suitable power of 
e' so that (e')™ a := a' = a' + b'pu with b' = (mod /). Now note that the multiplication 
by a' only reshuffles the ideal classes in fIB.lOp . Therefore the Shimura reciprocity law of 
Conjecture 19.11 predicts that ni<»'</ "^csif^^T) lies in K{OfOo). This concludes the proof. 

irj)=d 

□ 

Remark B.l The author thinks that Conjecture 19.11 alone (i.e. without the help of 
Assumption IB. ip should imply relation fIB.Sp . 
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Proposition B.2 The identity (110. ip in Proposition \10.1\ implies lB. 61 with the following 
parameters: r E H'^f{%f), b"^ = A^, = Of, {b'Y^ = A(r*)-, s' = fO(r'Y where 

T* = ^ 
fNr- 

Proof We suppress the divisor 6 for the notation. First note that End/f (b) = Of and that 
End/^(b') = Of2. Moreover, if Qr{x,y) = Ax^ + Bxy + Cy'^ {{A, f) = 1) then we have 
B"^ — 4AC = pdx- A direct computation shows that 

Qr4^,y) = sign(C) (cNfx^ - Bfxy + ^y^ 

so that 



(^■"' ^' fCN ■ 

On one hand we have 

(B.12) UD{b, Ofy" = uoil^^OfY^ = udd{t), 

Nt 

where the first equality follows from the identity b = I i . For the second equality see the 
discussion in Remark 110.21 

Now for every r G Z//Z we have that 
(B.13) UDirb',gT = uoirl,^, fO^^Y^ 

Using (!RT3|) in (ITIU]) of Proposition [JOH] we find that 

/ 



(B.14) l[un{rb',Q'y'^^ = un{b,Of] 



r=l 

where 



e = [T,{q) : FbKs')] and K = [Twid') ■ ^b'id')]- 

Now note that is a complete set of totally positive representatives of b^^Q/{b')^^Q' . 

Using Proposition 19.31 we find that 



(B.15) UD(rI^,JO^*Y"'^'''^'>~' = uc{r,Tj, 



i/(r,r) = {[e{r]r) : e{r]r.)][Tn,{g') : e((r/,.))])"' G Q>o. 

For the definitions of 6(77,-) and e^rj^-*) (see Definition l4.ip . Using (IB. lip , direct computations 
show that 

(6(r/.)) = (e(77.0) = Of.{oornOK{foor. 
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and that 

Oj2{oor n OKifoor = r,iQ') = T,{g). 

In particular, we have 

(B.16) u{r,T) = [T,,iQ'):Tn'{Q')]=K^ and e = 1. 

Using (iRTej) in (iBlil) we find that 

/ 



(B.17) l[uD{rb',Q'Y"''^^'^^-' = UDib,fy' 

r=l 



Finally, combining (1B.17I) with (IB. 151) and (1B.12I) we find that 



/ 

JJnc(r,r) = UDoir). 

r=l 



This concludes the proof. □ 



C Additional proofs 
C.l Proof of Proposition 13.11 

Let (r,r), (r', r') G (Z//Z x H^{%)/ ~/ and let = AA^, U> = A'A^' where Qrix,y) = 
Ax^ + Bxy+Cy^ and Qr'{x, y) = A'x^ + B'xy + C'y^. We have Endx(A^) = Endi^(A^/) = O 
where disc(C») = D = - AAC = 5'^ - 4A'C'. 

We first show that the map ip is well defined, i.e., if (r, r) ~/ {r',T') then ilj{r,T) r^f 

a b 



tjj{r', t'). So assume that there exists a matrix 7 = ^ d j ^ ^oifN) such that 7r = t' 

and d^^r = r' (mod /). 

We want to show that [rAA^,rAAiyr] ~f [r'A'A'^, f'A'A^^]. We have 

(C.l) A, = (cr + d)A,/, 

and 

Taking the determinant of (]C.2p we find 
(C.3) ^\-^_2 ={cT + d){cT^ + d). 
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Since r = and r' = -^^+/^ we find (r-r'^) = ^ and (r'-r"^) = ^. Substituting 

in (IC.3P we find 

^(cr + d)-i = (cr" + d). 

From fIC.ip we may deduce that ^(cr + dY'^{AXr) = A'Ar' and thus £(cr'^ + d){rAAr) = 
r'A'A^-i. Since c = (mod /) and = 1 (mod /) we see that 

^(cr" + d)e {7AK)-^f + 1 = iA,./ + 1. 

Moreover, since iV|c we also have 

~i 

L{ct'' + d){¥AAr,r) = T'A'A^r'. 
r 

It thus follows that tp{r,T) ~j ilj{r' ,t'). 

Let us now show now that the map if) is injective. Assume that ?/'(r, t) ip{r' , r'), i.e., 

[rAAr,rAANr] ~/ [r'A'A^/, r'A'AAr^/]. 

Then there exists a A G (fAA^)"V + 1 = ^K'^f + 1 such that 

(C.4) XrAA^ = r'A'A^> and AfAAAr^ = r'A'AAr^/. 

We note that A' is the smallest integer such that A'A^-i C O where O = Or = Or'- Write 
A = licT" + d) with c, G Z, c = (mod /) and ci = f (mod /) and let (c, d) = N. We 
claim that = 1. If not then 

^(cr" + rf)AA, C O. 

Therefore we would have jjAr' C O which contradicts the minimality of A'. Since (c, d) = 1 

there exists a,b G Z such that ad — bc= 1. Note that 7 = ^ ^ d ) ^ ■'^o(/)- Let t" = 'jr. 
Then we have 

(C.5) (cr + d)Ar" = Ar. 

We let Qr"{x, y) = A"x^ + B"xy + C"y\ We have 

A" 

— = [ct'' + d){cT + d). 

Therefore from (IC.5I1 we deduce that 

(C.6) A"Ar" = {ct" + d)AAr. 
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Combining (]C.4p with ( \C.6\i we get 



A"Ar" = A'Ar>. 

From this we deduce that A" = A' and r" = (r' + n) for some n G Z. From this it follows 
that 

1 )[c d)[l J=(- + ^) 

Since l^^(^c rf)^ -'^o(/)- We thus have shown that (r, t) r^f (r', r') if and only 

if ip{r,T) ~/- ilj{r',T'). From this it follows that the map ip is well defined and injective. It 
remains to show that ip is surjective. 

Let a be an arbitrary integral invertible (!?„-ideal. For a vector [ ) we let 



V2 



V2 



CL b 

be the Z-lattice generated by vi and V2- We can always find 7 = ( d ^ ^ ^2(^) such 



that 



a b \ f nui 
c d J \ 1 

Let (a, c) = m and a' = a/m, c' = c/m. We thus have (a',c') = 1. Let m, f G Z be such 
that —ua' — vd = 1. Then 

A B \ f nuji 
, . 1, 1 

where 

A B \ _ f u V \ f a b 
D J ~ 1^ c' -a' )\c d 

We thus have a = Z(v4nw + 5) + ZL). So = L)(Z^^^ + Z). Let [A, B,D) = r and 
let — = A\ — = B' and — = C. Without loss of generality we may assume that and 
> 0. Now set r = . Note that r > r'^ so that (r, r) G Z//Z x H^-{m). By 

construction we have ip{r,T) = [a]. Since a was arbitrary it follows that ip is surjective. 

□ 



C.2 Proof of Proposition 12.11 

Let a, a' G loifn) and write a = rArAr with r G Z>i and r G K\Q. By assumption 
we have that {rr'ArAr',fn) = 1 and that Or = Or' = Om- Since {rAr,n) = 1 we have 
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9(a) = aflC = rArKiT- Note that EndA'(A„T-) = O' , so that indeed, the image of 6 hes in 
/©/(f ). Let us show that 6 is multiphcative. Since 9(aa') ^ 0(a)9(a') the multiphcativity 
of O is equivalent to 

(C.7) p' : e(a)e(a')] = [O' : e(aa')]. 

Since a is O-invertible we have 

(C.8) [O : ao'] = [C : a][C : o']. 

Now for an arbitrary ideal b G Io{W) 

(C.9) [0:h\ = p' : e(b)]. 



Now flC.7p follows from fIC.QP and (IC.8|) . This shows (z). Let us show {ii). Let us assume 



that r^fn ci', i.e., Aa = a' where Ago ^ fn + 1. Since a ^ = ^At-ct this implies that 
A G ^A^<T + 1. Since (rA^, /n) = 1 we can always find a positive integer h such that bX E O 
and 6=1 (mod /n) so that a' ~/„ ba'. Therefore, without loss of generality we may assume 
that A G C n (^A,. + 1) = (1 + fnO). Since e(AC) = AC and e(a') = e(AC)e(a) we 
find that XrA^-AnT = Q{a'). Since 

A G 1 + fnO C Ia^, + 1, 
r 

we find that 6(a) ~/ 6(a'). We thus have proved the implication a ~/ a' =^ ©(d) ~/ 
9 (a'). Therefore the map gives rise to a map : Co{nf) — )■ Co'if)- It remains to show 
that the map is onto. So let [b] G Co' if)- Then we can write b as b = rA^Ar with r, A^ G 
Z>i, {tAt, /) = 1 and r G -R'yQ is such that Or = O'. We claim that we can always find a 
matrix 7 G ri(/) such that 7r = r' and (A^', /n) = 1. Let Qt'{x, y) = A'x"^ + B'xy + C'y"^ 
so that t' = -B'+^J'^K . Set p = -B'+^VdK ^nd note that Op = and that rA^'Ap is 
integral. Since rA^A,- ~j rA^/A,-/ and (rA^-zAp) = rA^/A,-/, we see that is onto. We 
leave the proof of the existence of the matrix 7 to the reader. □ 

C.3 Proof of Corollary [8731 

First note that for x G M one has 

5i(x) -5*(x 

Moreover, for x G M one has that 
(C.IO) Bi{-x) = -Bi{x) 

Let 



if < a: < 1 
-i if X G Z. 
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be the arguments appearing the Bis of (18.21) . 

Comparing (18. 2p with (18.31) we readily see that the two expressions are the same except 
that in (18. 2p one evaluates Bi instead of B^. First note that if / > 1 and j 7^ then for all 
^ ^ h < j^, one has yi{h) , y2{h) , y'2{h) G Q\Zi and therefore ^(f/n,i;,n) = 0. So it is enough 
to prove (I8.12P when j = 0. Note that since Uu^^^n is a ball contained in X one has that 
n > 1 and {u, v) ^ (0, 0) (mod p). Note in particular that for a fixed value of h one cannot 
have both yi{h) and 1/2 (/i) in Z. We also note that if 2/2 (^) G Z then 2/2 (^) ^ ^- Let 



R*{y,ih),y2ih),y',ih),u,v) := 5^1/1 



TV 



^)i?i(i/2(/^))-(:^)5i*(i/^(/^)) 



d' 



and similarly define R{yi{h),y2{h),y2{h),u,v) by replacing by i?i in the expression 
above. In order to show that C,{Uu,v,n) + C,{U-u~v,n) = it is enough to show that 

(C.ll) 



5^ [R*{yi{h),y2{h),y'2{h),u, v) + R*{yi{h),y2{h),y2{h), -u, -v)], 

i<h<fa 

is equal to zero and similarly if one replaces R* by R. We will treat the following two cases: 

(1) (1st case V = (mod p"')). Note that in this case for all h one has yi{h) ^ Z. Note 
that the two following 5-tuples can be paired: 

iyiih),y2{h),y2{h),u,0) < — > {-yi{h),y2{h),y2{h), -u,0). 

Therefore using (IC.lOP we see that (IC.lip equals zero. 

(2) (2nd case v ^ (mod p")) In this case 1/2 (^) ^ ^ and y'2ih) ^ Z. Therefore we may 
assume that yi{h) G Z. Note that the following two 5-tuples can be paired: 

2/2(/i), y2ih), u, v) i — > i-yi{h), -y2ih), -y'2{h), -u, -v). 

Therefore using f IC.lOP one obtains that (IC.lip is equal to zero. 

A similar argument applies if one replaces R* by R. This concludes the proof of (I8.12p . 
Finally, the fact that |C(^u,v,n) is an integer comes from the observation that 

AR*{y^{h),y2{h),y'2{h),u,v)eZ 
and similarly if one replaces R* by R. □ 
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